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Abstract 



We classify all (saturated) fusion systems on bicyclic 2-groups. Here, a bicyclic group is a product of two 
cyclic subgroups. This extends previous work on fusion systems on metacyclic 2-groups (see [Craven-Glesser, 
, 2010] and [Sambale, 2012]). Along the way we develop some useful results about fusion systems on arbitrary 

■ 2-groups. As an application we prove Olsson's Conjecture for all blocks with bicyclic defect groups. 
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1 Introduction 

O: 

Fusion systems occur in many areas of mathematics: group theory, representation theory, topology, etc. This 
makes it interesting to classify fusion systems on a given family of finite p-groups. In particular it is of general 
interest to find so-called exotic fusion systems, i.e. fusion systems which do not occur among finite groups (see 
|32| for example). On the other hand, it is often useful to know which p-groups provide only nilpotent (sometimes 
called trivial) fusion systems, i. e. fusion systems with a minimal number of morphisms. One family of p-groups 
which comes quickly to mind is the class of metacyclic p-groups. Here for odd primes p it is known by work of 
' Stancu [39 that every fusion system is controlled. This means one can classify these fusion systems by looking 
. at p'-subgroups of the outer automorphism group and their action. In particular only nonexotic fusion systems 
' occur. The fusion systems on metacyclic 2-groups were determined in |38| . In this case the 2-groups of maximal 
£N1 ■ class play an important role. 

In order to generalize these results we consider p-groups P which can be written in the form P = (x){y) for 
some x,y S P. We call these groups bicyclic. For odd primes p, Huppert showed in |17] that the class of bicyclic 
I ■ groups coincides with the class of metacyclic groups (see also Satz III. 11. 5 |18|). This means we can always 
• • I assume that (x) or (y) is normal in P. Huppert also pointed out that this is not true for p = 2. A prominent 
. £h ' counterexample is the wreath product C4 i C2 . So the aim of the present paper is to classify fusion systems on 
\ the wider class of bicyclic 2-groups. 
5— 1 ■ 

Apart from Huppert's work, there are many other contributions to the theory of bicyclic 2-groups. We mention 
some of them: [7J [201 HH 122] < One of these early results is the following: Let P be a nonmetacyclic, bicyclic 
2-group. Then the commutator subgroup P' is abelian of rank at most 2 and P/P' contains a cyclic maximal 
subgroup. Moreover, if P/P' has exponent at least 8, then also P' contains a cyclic maximal subgroup. 

Recently, Janko |23| presented all bicyclic 2-groups by generators and relations using an equivalent property 
(see Theorem 14. 1 1 below) . However, the classification of the bicyclic 2-groups is not complete, since in Janko's 
presentation it is not clear if some of the parameters give isomorphic groups. Even more recent results which 
deal with an application to bipartite graphs can be found in [9 . 

If not explicitly stated otherwise, all groups in this paper are finite, and all fusion systems are saturated. In the 
first section we prove some general results about fusion systems on p-groups which are more or less consequences 
of Alperin's Fusion Theorem. Then we restrict us to the case p = 2. Here a result of Bender [3] allows us to give 
useful information on so-called essential subgroups. In the next section we consider fusion systems on bicyclic 
2-groups. Here we obtain the unexpected result that every fusion system on a bicyclic 2-group P is nilpotent 
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unless P' is cyclic. Conversely, every bicyclic, nonmet acyclic 2-group with cyclic commutator subgroup provides 
a nonnilpotent fusion system. All these groups are cyclic extensions of (possibly abelian) dihedral or quaternion 
groups and their number grows with the square of the logarithm of their order. Moreover, it turns out that 
no exotic fusion system shows up here. In fact we construct these fusion systems as fusion systems of cyclic 
extension of finite groups of Lie type. The complete classification is given in Theorem 14.191 As a byproduct, we 
also investigate the isomorphism problem of some of the groups in Janko's paper |23] • At the end we prove as 
an application that Olsson's Conjecture of block theory holds for all 2-blocks with bicyclic defect groups. We 
plan to investigate also other conjectures for blocks with bicyclic defect groups in a separate paper. 

Most of our notation is standard. A finite p-group P has rank r if \P : $(P)| = p r , i.e. P is generated by r 
elements, but not by fewer. Similarly the p-rank of P is the maximal rank of an abelian subgroup of P. We 
denote the members of the lower central series of a p-group P by rQ(P); in particular K2(P) = P' . Moreover, 
fii(P) = (x G P : X pi = 1) and U 4 (P) := (x p * : x G P) for % > 1. For convenience we write Q(P) := fli(P) 
and O(P) := Oi(P). A cyclic group of order n G N is denoted by C n . Moreover, we set '. — C n x . . . x C n {k 
factors). In particular groups of the form are called homocyclic. A dihedral (resp. semidihedral, quaternion) 
group of order 2" is denoted by P/2™ (resp. 1SP/2™, Qi^)- We say that a p-group P is minimal nonabelian of type 

P=(x,y\ x pr = y pS = [x, y] p = [x, x, y] = [y, x, y] = 1) 

where [x,y] := xyx~ 1 y~ 1 and [a;, x, y] := [x, [x,y]] (see |36|). Moreover, we set x y := xyx~ l for elements x and 
y of a group. A group extension with normal subgroup N is denoted by N.H . If the extension splits, we write 
TV x H for the semidirect product. A central product is denoted by N*H where it will be always clear which 
subgroup of Z(N) is merged with a subgroup of Z(H). For the language of fusion systems we refer to [29 . 

2 General results 

By Alperin's Fusion Theorem, the morphisms of a fusion system J- on a, p-group P are controlled by the 
P-essential subgroups of P. 

Definition 2.1. A subgroup Q < P is called P-essential if the following properties hold: 

(i) Q is fully ^-normalized, i. e. |Np(P)| < |Np(Q)| if R < P and Q are J- '-isomorphic. 

(ii) Q is P-centric, i. e. Cp(R) = Z(P) if R < P and Q are J- -isomorphic. 

(Hi) Outj^(Q) : = Autjr(Q)/ Inn(Q) contains a strongly p-embedded subgroup H, i. e. p \ \H\, p \ |Outjr((5) : 
H\ > 1 and p \ \H n X H\ for all x G Outjr(Q) \ H. 

Notice that in |29| the first property is not required. It should be pointed out that there are usually very 
few P-essential subgroups. In many cases there are none. Moreover, the groups with a strongly p-embedded 
subgroup are more or less known (see [3J |33]). For convenience of the reader we state a version of Alperin's 
Fusion Theorem. For this let £ be a set of representatives for the Aut^-(P)-conjugacy classes of P-essential 
subgroups of P. 

Theorem 2.2 (Alperin's Fusion Theorem). Let J- be a fusion system on a finite p-group P. Then every 
isomorphism in J 7 is a composition of finitely many isomorphisms of the form (p : S — > T such that S,T < Q G 
£ U{P} and there exists ip € Autjp(Q) with tp\g = tp. Moreover, if Q ^ P, we may assume that ip is a p-element. 

Proof. This is a slightly stronger version as in |2|5]. First we show that we can replace an P-essential subgroup 
Q by a(Q) for a G Aut^-(P). For this let S,T < Q, tp e Aut^-(Q) and ip\ S = tp : S T. Then u^oT 1 G 
Autjr(a(Q)). Hence tp = oT x o {atpa -1 )^^) ° a \s 1S a composition of isomorphisms which have the desired 
form. 

In order the prove the last claim, we adapt the proof in [23] . For this let tp : S — > T a isomorphism in P. We 
show by induction on |P : S\ that tp can be written as a composition of isomorphisms of the stated form. In 
the case S = P = T there is nothing to do. Thus, let S < P. As in [29] we may assume that S = T G £. 
Let K := (f G Aut^-(iS') p-element) < Aut jr(S). Since Autn(S) is a Sylow p-subgroup of Autjr(S), the Frattini 
argument implies Autj^(S') = KNj^ u - tj ./s)(Aukp(S)). Hence, we can write tp = a(3 such that a G K and 
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P G N Au t^(S)(Aut P (5)). With the notation of [29] we have = N P (5). Then /3 can be extended to N P (S). 
Since S < Np(5), induction shows that /3' is a composition of isomorphisms of the stated form and so is (3 — /3', s 
and Thus after replacing ip by ip o fj' 1 , we may assume cp £ K . Then it is obvious that ip is a composition 
of isomorphisms as desired. □ 

We deduce some necessary conditions for a subgroup Q < P in order to be ^-essential. Since Q is ^-centric, 
we have Cp(Q) C Q. In particular if Q is abelian, it must be a maximal abelian subgroup. Conversely every 
maximal (normal) abelian subgroup R < P satisfies Cp(R) = R. 

Since Outjr(Q) contains a strongly p-embedded subgroup, Outp(Q) is not a p-group and not a p'-group. 
Moreover, Np(Q)/Q is isomorphic to a Sylow p-subgroup of Outp(Q). This shows Q < P. We also have 
Op(Aut_F(Q)) = Inn(Q). Consider the canonical homomorphism 

F : AmV(Q) -> Autp(Q/$(Q)). 

It is well known that KerF is a p-group. On the other hand Inn(Q) acts trivially on the abelian group Q/$(Q). 
This gives KerF = Inn(Q) and Outp(<3) = Autp(Q/$(Q)). In particular N P (Q)/Q acts faithfully on Q/$(Q). 
Hence, [(x),Q] £ $(Q) for all x e N P (Q) \ Q. 

Proposition 2.3. Let J- be a fusion system on a finite p-group P. If Q < P is J- -essential of rank r, then 
Outp(Q) = Autp(Q/$(Q)) < Gh{r,p) and \Np(Q)/Q\ < p^^- 1 )/ 2 . Moreover, N P (Q)/Q has nilpotency class 
at most r — 1 and exponent at most p^ io Sp( r )~\ _ j n particular |Np(Q)/Q| = p if r = 2. 

Proof. A Sylow p-subgroup of GL(r, p) is given by the group U of upper triangular matrices with ones on the 
main diagonal. We may assume N P (Q)/Q < U. Then U has order p r ( r_1 )/ 2 and nilpotency class r — 1 (see 
§111.16 in |18j). Let x GU and m := [log p (r)~|. Then we have 

x P m - 1 = ( x - l)P m = 0. 

This shows that U has exponent at most (precisely) m. □ 

If p is odd or Q is abelian, a similar argument shows that Outjp(Q) is isomorphic to a quotient of Aut(0(Q)) 
(see Theorem 5.2.4 and 5.3.10 in [H]). In this case we have ft(Q) Z(N P (Q)). In the general case one can 
replace il(Q) by a so-called "critical" subgroup (see Theorem 5.3.11 in |11|V 

Lemma 2.4. Let T be a fusion system on a finite p-group P, and let Q < P be J- -essential. If \Q\ < p 2 or if 
Q is nonabelian of order p 3 , then P has maximal class. 

Proof. This follows from Proposition 1.8 and Proposition 10.17 in [?]. □ 



3 Fusion systems on 2-groups 

We keep the notation of the previous section and assume further that p — 2. Then the classification of the 
strongly 2-embedded subgroups is very precise by the following theorem of Bender (see [3 ) : 

Theorem 3.1 (Bender). The finite group H contains a strongly 2-embedded subgroup if and only if one of the 
following holds: 

(i) The Sylow 2-subgroups of H are nontrivial cyclic or quaternion and 02{H) — 1. (In particular H is not 
simple.) 

(ii) There exists a normal series 1 < M < L < H such that M and H / L have odd order (and thus are solvable) 
and L/M is isomorphic to one of the following simple groups: 

SL(2,2"), PSU(3,2"), Sz(2 2 "- 1 ) (»>2). 
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Let H as in Theorem 13.11 and let S be a Sylow 2-subgroup of H. Then S is a Suzuki 2-group, i.e. S has an 
automorphism which permutes the involutions of S transitively (see page 201 in [57] for H = PSU(3, 2™)). This 
will be used later. The next lemmas are important to bound the order of Np(Q)/Q, where Q is ^-essential. 

Lemma 3.2. //SL(2,2") is isomorphic to a section o/GL(r, 2), then n < r/2. 

Proof. The group SL(2, 2") has exponent 2(2 2 ™ — 1) (see 8.6.9 in [55] for example), while GL(r, 2) has exponent 
2n°Batol lcm{2 i - 1 : i = 1, r} (see [21]). Hence, 

2 2 ™ - 1 | lcm{2 1 -1 :i = l,...,r}. 

Assume 2n > r. Since gcd(2 2 ™ — 1, 2* — 1) = 2 gcd ( 2 ™* 4 ) — 1, we may assume 

2 2 ™ - 1 | lcm{2 d -l:d\ 2n, d ^ 2n}. 

If &i(X) denotes the z-th cyclotomic polynomial over Q[A], we have 2 % — 1 = Yid\i ®d{2)- This gives 

Y[ $ d (2) | lcm{2 d - 1 : d \ 2n, d ? 2n} < ]J $ d (2) 

d\2n d\2n, 

d=£2n 

and $2«(2) = ±1. However, this contradicts 

|$an(2)|= 1] l 2 -C fc |>l, 

l<fc<2n, 
(fe,2n) = l 

where ( := e nl / n . □ 
Lemma 3.3. //Sz(2 2n_1 ) is isomorphic to a section of GL(r, 2), then An — 2 < r/2. 

Proof. The group Sz(2 2 ™- 1 ) has exponent 4(2 2 "" 1 - 1)(2 4 ™- 2 + 1) by Theorem XI.3.9 in [TSj. Hence, 

2 4 «- 2 + i |lcm{2 J -l :i=l,...,r}. 

Assume 8n — 4 > r. In order to derive a contradiction we may assume that r > An — 2. Since 2 4n ~ 2 + 1 is 
coprime to 2 4 " -2 — 1, we get 

2 8 ™- 2 - 1 = (2 4n ~ 2 - 1)(2 4 "- 2 + 1) | lcm{2 ! - 1 : i = 1, . . . , r}. 

Now the contradiction follows as in Lemma T3. 2 1 □ 

Lemma 3.4. 7/PSU(3,2") is isomorphic to a section of GL(r, 2), then in < r/2. 

Proof. By Lemma 54 in gD] the exponent of PSU(3, 2") is divisible by (2 2n - 2™ + 1)/ gcd(2™ + 1,3) (observe 
that PSU(3,2") PU(3,2 n )'). Hence, 

2 2 ™ - 2" + 1 | gcd(2 n + 1,3)- lcm{2 i - 1 : i = 1, . . . , r}. 

Assume 6n > r. In order to derive a contradiction we may assume that r > 3n. Since gcd(2 2 " — 2" + 1, 2" + 1) = 
gcd(2" + 1,3) and 2" + 1 | 2 2 " - 1, we get 

2 3n + 1 = (2" + 1)(2 2 " - 2" + 1) | gcd(2" + l,3) 2 lcm{2 1 - 1 : i = 1, . . . , r}. 
Moreover, gcd(2 3n - 1, 2 3n + 1) = 1 and we get 

2 6 ™ - 1 = (2 3n - l)(2 3n + 1) | gcd(2" + l,3) 2 lcm{2 i - 1 : i = 1, . . . , r}. 
Now the same argument as in the proof of Lemma 13.21 implies 

$6«(2) <gcd(2" + l,3) 2 <9. 
We may assume that gcd(2™ + 1, 3) = 3 and thus n > 3 is odd. However, Lemma 1 in [3T| gives 

$ 6n (2) > ^2 v( - 6n) > 2 5 = 32. □ 
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Theorem 3.5. Let J- be a fusion system on a finite 2-group P. If Q < P is J- -essential of rank r, then one of 
the following holds for N := Np(Q)/Q: 

(i) N is cyclic of order at most 2r io S2( r )l. 



In particular N has nilpotency class 1,2 or maximal class. Moreover, N has exponent 2, 4, |iV|/2 or \N\. 

Proof. If case |[J) in Theorem 13.11 occurs for Outjr(Q), the claim follows from Proposition 12.31 Now assume that 
case ((uj) in Theorem 13.11 occurs. Then one of the simple groups SL(2,2"), PSU(3, 2") or Sz(2 2 " -1 ) is involved 
in GL(r, 2). These groups have the following orders (see |12j): 



We remark that parts of the last theorem also appeared in [32 . However, the proofs there are quite different. 

Corollary 3.6. Let J- be a fusion system on a finite 2-group P of nilpotency class 2. Then every J- '-essential 
subgroup Q < P is normal, and Pj Q is cyclic or elementary abelian. 

Proof. We have P' C Z(P) C C P (Q) C Q. Hence, Q < P and P/Q is abelian. The last claim follows from 



As it is often the case, one gets better results by restricting to groups which are "small" in some sense. The 
following results are examples of this phenomenon. 

Lemma 3.7. Let J- be a fusion system on a finite 2-group P. If Q < P is an J- -essential subgroup of rank at 
most 3, then Outjr(Q) = 5*3 and \Np(Q) : Q\ = 2. 

Proof. We may assume that Q has rank 3. Then Out^(Q) < GL(3,2). By Theorem 13.11 GL(3. 2) does not 
contain a strongly 2-embedded subgroup. Hence Outjr(Q) is solvable and has cyclic Sylow 2-subgroups. In 
particular 2 < (Outjr(Q)) has order 3, 7 or 21. Since the normalizer of a Sylow 7-subgroup of GL(3,2) has 
order 21, it follows that |02'(Outjr(Q))| ^ 7. Since this normalizer is selfnormalizing in GL(3, 2), we also have 
|0 2 '(Outj7(Q))| ^ 21. This shows |0 2 '(Out^(Q))| = 3. Now the claim follows easily from 2 (Outjr(Q)) = 1. □ 

Proposition 3.8. Let J- be a fusion system on a finite 2-group P. If Q < P is an J- -essential subgroup of rank 
2, then one of the following holds: 

(i) Q = C\ and P G {D 2 n,SD 2 n} for some n > 3. 

(ii) Q = Q s and P £ {Q 2 ™, SD2™} for some n>3. 

(Hi) Q = Cfr and P = C 2 r I C 2 for some r > 2. 

(iv) N P (Q)/$(Q')K 3 (<3) = (x,y,a \ x 2r = [x,y] 2 = [x,x,y] = [y,x,y] = 1, a 2 G ([x,y]), a x = y) for some 
r > 2. In particular for a fixed r there are two possible isomorphism classes for Np(Q)/$ (Q')K3(Q), both 
of order 2 2(r+1 ) > 2 6 . Moreover, Np(Q)/Q' = C 2 r l C 2 and Q/$(Q') K 3 (Q) is minimal nonabelian of type 



(ii) N is quaternion of order at most 2 H°S2 _ 

(Hi) N is elementary abelian of order at most 2 L 1 "/ 2 J . 

(iv) Q(N) = Z(N) = $(N) = N' and \N\ = \n(N)\ 2 < 2 L^/2J _ 

(v) Q(N) = Z{N) = $(iV) = N' and \N\ = \n(N)\ 3 < 2 L^/2J _ 



|SL(2,2™)| = 2™(2 2 ™ - 1), 
|PSU(3, 2™)| = 2 3 "(2 2n - 1)(2 3 ™ + l)/gcd(3,2" + 1), 
|Sz(2 2 "- 1 )| = 2 4 "- 2 (2 2 "- 1 - 1)(2 4 "- 2 + 1). 



Hence, the previous lemmas imply |iV| < 2 L^/ 2 J _ The other claims follow from |16| . 



□ 



Theorem 13.51 



□ 




(x,y I ir 8 = [x,x,y] = [y,x,y] = 1, .t 4 = y 4 = [x,y] 2 ) if r = 2, 
(x,y I x r = y 2 ' = [a:,y] 4 = [x,x,y] = [y,x,y] = 1) otherwise. 
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Proof. By Lemma \3. 71 we have |Np(Q) : Q\ = 2. If Q is metacyclic, then we have Q = Q$ or Q = C 2 r for some 
r e N by Lemma 1 in [3U]. Then for \Q\ < 8 the result follows from Lemma [2.41 Thus, assume Q = C| r for 
some r > 2. Let 5 e Np(Q) \ Q. Since g acts nontrivially on Q/$(Q), we may assume 9 x — y and 9 y = x for 
Q = (x,y). We can write <? 2 = (xj/) 1 for some i g Z, because g centralizes g 2 . Then an easy calculation shows 
that gx~ l has order 2. Hence, Np(Q) = CV I C2. Since Q is the only abelian maximal subgroup in Np(Q), we 
also have Q < N P (N P (Q)) and N P (Q) = P follows. 

Now consider the case where Q is nonmetacyclic. Then Q is also nonabelian. By Hilfssatz III. 1.11c) in [18 
we know that Q' / K^(Q) is cyclic. In particular Q'/$(Q') K^(Q) has order 2. It follows that Q/R with R := 
$(Q') I<3(Q) is minimal nonabelian. The case Q/R = Q$ is impossible, because Q does not have maximal 
class (Taussky's Theorem, see Satz III. 11.9 in [IB])- Let a be an automorphism of Q of order 3. Since a acts 
nontrivially on Q/R, Lemma 2.2 in [37] implies that Q/R is of type (r, r) for some r > 2. Take g e Np(Q) \ Q. 
Then g acts nontrivially on Q/${Q); in particular Np(Q)/$(Q) is nonabelian and Np(Q)/Q' = CV ! (?2- Since 
^(Q) £ c f > (Np(<5)), we see that Np(Q) has rank 2. By a similar calculation as in case (|m]) , we may assume that 
Np(Q)/-R fulfills the given presentation in terms of generators and relations. Conversely, it is easy to see that 
every element in a group defined by these generators and relations can be written in the form x l y^[x, y] k a l for 
some i,j,k,l S Z. Hence, the presentation defines a group of order at most 2 2 ( r+1 \ This shows equality. The 
two isomorphism types correspond to the possibilities a 2 — 1 and a 2 = [x,y]. 

Now assume R — (w) = C2. We fix preimages of x,y 6 Q/R and denote them also by x and y. Moreover, set 
z := [x,y\. Without loss of generality, let a(x) = y and a(y) = x~ 1 y~ 1 . Since a fixes w, it acts trivially on 
Q' = (z, w). Hence, 

[x, z] — a([x 7 z]) — [y, z] = ct([y, z]) — {x~ 1 y~ 1 , z] — x~ 1 zxz~ 1 {z, y] = [x, z][y, z] = [x, z} 2 = 1. 

In particular Q' C Z(Q). Since Q/(z) is abelian, we must have z 2 = w. It remains to consider x 2 £ R. By 
Hilfssatz III. 1.3b) in [TH] we have 

x r = a-Hxf = (x^y-Y = x-^y-^iy- 1 ^- 1 ]^) - z 2 "" e T if T = 2 . 

I 1 otherwise 

On the other hand it is not hard to see that these presentations define groups of order at most 2 2t - r+1 \ □ 

The fusion systems in the first three parts of Proposition 13.81 are determined in [5] (see also Theorem 14.191 
below). Notice that we have not proved that case (|rv)l actually occurs. However, calculations with GAP [10 
show that there are at least small examples and it is reasonable that many examples exist for arbitrary r > 2. 
However, we have no example for case (jrv)) where Q ^ P. In fact one can show that Q < P whenever r = 2. In 
case \^(Q')Ks(Q)\ > 2 the group Q is not necessarily unique anymore. 

Since every subgroup of a metacyclic group is generated by (at most) two elements, the fusion systems on the 
metacyclic 2-groups can easily be determined with Proposition 13.81 

We remark further that all candidates for essential subgroups of 2-rank 2 were determined in [8 . 

Lemma 3.9. Let J- be a fusion system on a finite 2-group P. If Q < P is an J- -essential subgroup of rank 3 ; 
then Np(Q)/&(Q) = Dg x C2 or Np(Q)/$(Q) is minimal nonabelian of type (2, 1). 

Proof. By Lemma T3. 71 we have |Np(Q) : Q\ = 2. Since Np(Q) acts nontrivially on Q/&(Q), we conclude that 
Np(Q)/$(Q) is nonabelian. Then Np(Q)/$(Q) is minimal nonabelian of type (2, 1) or N P (Q)/$(Q) =D$x C 2 , 
because Np(Q)/$(<5) contains an elementary abelian subgroup of order 8. □ 

In the smallest case in Lemma 13.91 where Q = C\ the structure of P is more or less determined by the results 
in §51 of [S] (see also Lemma [6. 121 below) . 

The following lemma gives an induction argument. 

Lemma 3.10. Let J- be a fusion system on a finite 2-group P. Let Q < P be ^-essential of rank 3, and let 
K := Corep(Q) be the core of Q in P. Then K ^ 1 and N P (Q)/K = Q/K x Z{P/K). Moreover, \Z(P/K)\ = 2 
and Q/K has rank at most 2. 
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Proof. By Lemma 13771 we have |N P (Q)/_Q|_= 2. Since 1 ^ Z(P) < C P (Q)_< Q, we have K £ 1. We write 
P := P/K and Q := Q/K. Then \Np(Q)/Q\ = 2. Since the core of Q in P is trivial, Z(P) D Q = 1. On the 
other hand Z(P) < Np(Q). Hence, N P (Q) = Np(Q) = Q x Z(P). Finally Q has rank at most 2, because N P (Q) 
has rank at most 3 by Lemma 13.91 □ 

For essential subgroups of larger rank the situation is more complicated. 

Lemma 3.11. Let J- be a fusion system on a finite 2-group P. If Q < P is an J- -essential subgroup of rank 4, 
then |N P (Q)/Q| < 4 and \Out jr(Q)\ G {6,10,18,20,30,36,60,180}. 

Proof. This can be done with GAP. Observe that GL(4, 2) A 8 . □ 
We give two explicit examples in addition to Lemma 12.41 

Lemma 3.12. Let J 7 be a fusion system on a finite 2-group P. If Q £ {Cf , Ps * Ps} * s an J 7 -essential subgroup 
of P , then every subgroup of P has rank at most 4. 

Proof. This follows from the Lemmas 99.3 and 99.7 in [5]. □ 

4 Bicyclic 2-groups 

Janko gave the following characterization of bicyclic 2-groups (see [53] or alternatively §87 in [5]). 

Theorem 4.1 (Janko). A nonmetacyclic 2-group P is bicyclic if and only if P has rank 2 and contains exactly 
one nonmetacyclic maximal subgroup. 

Using this, he classified all bicyclic 2-groups in terms of generators and relations. However, it is not clear if 
different parameters in his paper give nonisomorphic groups. In particular the number of isomorphism types of 
bicyclic 2-groups is unknown. 

As a corollary, we obtain the structure of the automorphism group of a bicyclic 2-group. 

Proposition 4.2. Let P be a bicyclic 2-group such that Aut(P) is not a 2-group. Then P is homocyclic or a 
quaternion group of order 8. In particular P is metacyclic. 

Proof. By Lemma 1 in |30J we may assume that P is nonmetacyclic. Since P has rank 2, every nontrivial 
automorphism of odd order permutes the maximal subgroups of P transitively. By Theorem 14.11 such an auto- 
morphism cannot exists. □ 

As another corollary, we see that every subgroup of a bicyclic 2-group contains a metacyclic maximal subgroup. 
Since quotients of bicyclic groups are also bicyclic, it follows that every section of a bicyclic 2-group has rank 
at most 3. This will be used in the following without an explicit comment . 

Proposition 4.3. Let T be a fusion system on a bicyclic, nonmetacyclic 2-group P. Suppose that P contains 
an J 7 -essential subgroup Q of rank 2. Then Q = C| m and P = C2™ I Ci for some m > 2. Moreover, T = 
Tp(C\ m -a S 3 ) or F= P P (PSL(3,q)) for some q = 1 (mod 4). 

Proof. By Proposition 13.81 it suffices for the first claim to show that Q is metacyclic, since minimal nonabelian 
groups of type (m, m) for m > 2 are nonmetacyclic (see Proposition 2.8 in [53]). Let M < P be a metacyclic 
maximal subgroup of P. We may assume Q <^ M. Then M (~l Q is a maximal subgroup of Q. Since Q admits 
an automorphism of order 3, the maximal subgroups of Q are isomorphic. Now the first claim follows from 
Proposition 2.2 in [23] . The fusion systems on C^™ I C2 are given by Theorem 5.3 in Two of them have Cf m 
as essential subgroup. Conversely it can be seen that the group I C2 is in fact bicyclic. □ 
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Observe that Theorem 5.3 in [8] provides another nonnilpotent fusion system on C 2 ™ I C<i. For the rest of this 
paper we consider the case where the bicyclic, nonmetacyclic 2-group P has no ^-essential subgroup of rank 2. 
Notice that Janko defines commutators in [53] differently than we do. 

Definition 4.4. We consider two fusion systems J- and T 1 on a finite p-group P as equal if there is an 
automorphism 7 £ Aut(P) such that 

Homp ( 7 (S), 7 (T)) = 7 (Hom^(5, T)) :={ 7 o P7 - 1 :^ Hom^(S, T)} 

for all subgroups S,T < P. 

Observe that if 7 is an inner automorphism of P, then Horn^^S), 7(T)) = 7 (Homjr(,S', T)) for all S,T < P. 

Proposition 4.5. Let J- be a nonnilpotent fusion system on a bicyclic 2-group P. Suppose that P contains an 
elementary abelian normal subgroup of order 8. Then P is minimal nonabelian of type (n, 1) for some n > 2 
and C 2 n-i x Cf is the only J- -essential subgroup of P. Moreover, J- = J-p{A^ x Can) where C 2 n acts as a 
transposition in Aut(A4) = $4 (thus A4 x C 2 ™ is unique up to isomorphism). 

Proof. Suppose first \P'\ = 2. Then P is minimal nonabelian of type (n, 1) for some n > 2 by Theorem 4.1 
in [23]. We show that P contains exactly one ^-essential subgroup Q. Since P is minimal nonabelian, every 
selfcentralizing subgroup is maximal. Moreover, Q has rank 3 by Proposition 14.31 Hence, Q = (x 2 ,y,z) = 
C 2 n-i x Cf is the unique nonmetacyclic maximal subgroup of P. We prove that T is unique. By Alperin's 
Fusion Theorem it suffices to describe the action of Autjr(Q) on Q. First of all P = Np(Q) acts on only two 
four-subgroups (y,z) and (x 2 y,z) of Q nontrivially. Let a £ Autjr(Q) of order 3. Then a is unique up to 
conjugation in Aut(Q)- Hence, a acts on only one four-subgroup R of Q. Let (3 £ P/Q < Autjr(Q). Then 
{ap)(R) = (l3a~ 1 )(R) = j3{R) = R, since Aut^(Q) = S 3 . Thus, Autp(Q) acts (nontrivially) on (y,z) or on 
(x 2 y, z). It can be seen easily that the elements x and x 2 y satisfy the same relations as x and y. Hence, 
after replacing y by x 2 y if necessary, we may assume that Autjr(Q) acts on (y,z). Since Cq(cv) = C 2 »-i, 
we see that x 2 y ^ Cq(q;) or x 2 yz ^ Cg(a). But then both x 2 y,x 2 yz ^ CQ(a), because (3(x 2 y) = x 2 yz. Hence 
Cq(q;) = CQ(Autjr((5)) £ {(x 2 ), (a; 2 2;}}. However, xy and y fulfill the same relations as x and y. Hence, after 
replacing x by xy if necessary, we have CQ(Autjr(Q)) = (a; 2 ). This determines the action of Autp(Q) on Q 
completely. In particular T is uniquely determined. The group G — A4 x C 2 ™ as described in the proposition 
has a minimal nonabelian Sylow 2-subgroup of type (n, 1). Since A4 is not 2-nilpotent, J-p{G) is not nilpotent. 
It follows that T = F P {G). 

Now suppose \P'\ > 2. Then Theorem 4.2 in [53] describes the structure of P. We use the notation of this 
theorem. Let Q < P be ^-essential. By Proposition 14.31 Q has rank 3. In particular Q is contained in the 
unique nonmetacyclic maximal subgroup M '■— E(a 2 ) of P. Since (a 4 ,u) = Z(M) < Q, it follows that Q £ 
{(a 4 ,it, v), (a 4 , a 2 v, u), M}. In the first two cases we have P' = (u, z) C Q < P which contradicts Lemma [3.71 
Hence, Q — M . Every automorphism of M of order 3 acts freely on Mj Z(M) = C|. However, the subgroups 
L < M such that Z(M) < L < M are nonisomorphic. Contradiction. □ 

It remains to deal with the case where P does not contain an elementary abelian normal subgroup of order 8. 
In particular Theorem 4.3 in |23| applies. 

Now we are in a position to determine all ^-essential subgroups on a bicyclic 2-group. This is a key result for 
the rest of the paper. 

Proposition 4.6. Let J- be a fusion system on a bicyclic 2-group P. If Q < P is J- -essential of rank 3, then 
one of the following holds: 

(i) Q = C 2m x C 2 for some m > 1. 

(ii) Q = C 2 m x Qs for some m > 1. 

(Hi) Q = C 2 m * Qs for some m > 2. 
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Proof. If P contains an elementary abclian normal subgroup of order 8, then the conclusion holds by Proposi- 
tion !4.5l Hence, we will assume that there is no such normal subgroup. Let a G Outp(Q) of order 3. Since Q has 
rank 3, we can regard a as an element of Aut(<5) by choosing a suitable preimage. We apply [U] to the group Q 
(observe that the rank in [U] is the p-rank in our setting). Let C := Cq(o) a group of 2-rank 3, i. e. m(C) = 3 
with the notation of [H]. Since [Q, a] is generated by at most three elements, only the first part of Theorem B 
in [41] can occur. In particular Q = Q% * C . However, this implies that Q has rank at least 4. Contradiction. 

Now assume m(C) = 2. Then Theorem A in [41 gives Q = Q 8 *C. Let Z < Z(Q 8 x C) = $(Q 8 ) x Z(C) such 
that Q = (Q 8 x C)/Z. Then \Z\ = 2. Since Q has rank at most 3, it follows that ft(Z(C)) £ $(C). In particular 
C = C*2 x C*2"> is abelian and Q = Q$ x Cym for some m > 1. 

Finally suppose that m(C) = 1, i.e. C is cyclic or quaternion. Since $((5) C Q n 3>(P), we see that $(Q) is 
metacyclic. According to the action of a on $(Q) one of the following holds (see Proposition I4.2[) : 

(a) *(Q) < C<Q 

(b) $(Q) = Q 8 

(c) $(Q) n C = 1 and $(Q) = Cf„ for some n > 1 

We handle these cases separately. First assume case (gj). By 8.2.2(a) in [25] we have \Q : C\ = 4 and a acts 
freely on Q/C. On the other hand a acts trivially on Q/C Q (C) by 8.1.2(b) in [25]. This shows Q = CC Q (C). 
If C is quaternion, then Q = Q2™ * Cq(C) = Q2" x C2" 1 as above. However, this is impossible here. Hence, C is 
cyclic and central of index 4 in Q. Since, Q has rank 3, the exponents of C and Q coincide. If Q is abelian, we 
must have Q = C2™ X C\ for some m > 1. Now assume that Q is nonabelian. Write C = (a) and choose b, c G Q 
such that Q/C = (bC,cC). Since (6}C is abelian and noncyclic, we may assume b 2 = 1. Similarly c 2 = 1. Since 
<5 is nonabelian, c b ^ b. Let \C\ = 2 m where m > 2. Then a 6 Z((J) implies c 6 = a 2 ™ 1 &. Thus, Q is uniquely 
determined as 

Q = (a, b, c I a 2 = 6 2 = c 2 = [a, 6] = [a, c] = 1, c & = a 2 6). 
Since the group Qs * C2™ = D% * C2™ has the same properties, we get Q = Q s * C?™ . 

Next we will show that case (jbj) cannot occur for any finite group Q. On the one hand we have Q/ Cq($(Q)) < 
Aut(Q 8 ) ^ Si. On the other hand C| $(Q) Cq($(Q))/ Cq($(Q)) < $(Q/ C Q ($(Q))). Contradiction. 

It remains to deal with case (jg). Again we will derive a contradiction. The facts $(Q)nC = 1 and \Q : C$(Q)| = 4 
imply |C| = 2. There exists an a-invariant maximal subgroup N<lQ. Thus, NnC C AnC$(Q)nC = $(Q)nC = 
1. In particular we can apply Theorem D in (IT] which gives N = C|„+i. Hence, Q = N x C — C 2 „ + i x C2. Now 
we split the proof into the cases Q < P and Q ^ P. 

Suppose Q<P. Then \P : Q\ = 2. Choose 5 € P\Q- Then <? acts nontrivially on N/$>(N), because a does as well. 
In particular A<P. By Lemma |3"U1 is minimal nonabelian of type (2, 1). It follows that P/N = {gN} is 

cyclic. Hence, G C AT. Write N = (x) x (y) such that = y. Then [x, 3] = xy- 1 € G" and P/P' = (xP',gP'). 
By Theorem 4.3(d) in [23] we know that P/P' ^ C 2m x C 2 for some m > 2. In particular $(P/P') = (x 2 P', # 2 P') 
is cyclic. Since ^ a; 2 (mod A), it follows that x 2 6 P'. This implies P' = (x 2 ,xy^ 1 ) = (x 2 ,xy) and m = 2. 
In case n = 1 we have |P| = 64. Here it can be shown by computer that P does not exist. Thus, assume n > 2. 
Then P is described in Theorem 4.11 in [23 . In particular $(P) = (x 2 ,xy,g 2 ) is abelian and metacyclic. Since 
g 4 € $(Q) = (x 2 ,y 2 ) and 5(g 4 2 (A))5" 1 = g 4 2 (A), we get # 4 G (x 2 y 2 )l3 2 (N). This gives the contradiction 
$(P)/(^,xV>=C|. 

Now assume Q ^ P. We show first that Np(Q)/$(<5) = P^s x C%. By way of contradiction we may assume 
that Np(Q)/$(Q) is minimal nonabelian of type (2, 1) (Lemma 15^. Take g e N P (N P (Q)) \ N P (Q) such that 
g 2 G Np(Q). Then Qi := 9 Q ^ Q and Qi n Q is (5)-invariant. Moreover, 

|*(Q) : $(Q) n $(Qi)| = mQi) : $(Q) n $(Q X )| = MQiWQ) ■ HQ)\ = |$(Qi/*(Q))| = 2. 

Hence, Np(Q)/Q n Qi is a group of order 32 of rank 2 with two distinct normal subgroups of order 2 such that 
their quotients are isomorphic to the minimal nonabelian group of type (2, 1). It follows that Np(Q)/Q n Qi is 
the minimal nonabelian group of type (2, 2). However, then all maximal subgroups of Np(Q) /Q n Qi have rank 
3 which contradicts Theorem 14. II Thus, we have proved that Np(Q)/$(Q) = D$ x C%. 
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We proceed by showing the contradiction that Np(Q) contains a subgroup of rank 4. Choose g G Np(Q) \ Q. 
Then g acts nontrivially on A/$(A), because a does as well. In particular N < N P (Q). This implies 

g 2 <f(Q) G U(Np(Q)/*(Q)) = (N P (Q)/*(Q))' C iV/$(Q) 

and g 2 £ N. A similar calculation as in Proposition ^. Sl shows that we can assume g 2 = 1 and (JV, 3) = C 2 ,i+i lC2- 
We write iV = (x) x (y) such that 9 x = y. Moreover, let C — (c). Then N P (Q) contains the maximal subgroup 
M := (x 2 , xy , c, g) . It can be seen easily that K '■= (x A ,x 2 y 2 ) < M. Thus, it suffices to prove that c and g 
commute modulo K. By the structure of N P (Q)/$(<5) we get cgc~ l g~ l = (eg) 2 = x 2l y 2 ^ G 3>(Q) for some 
i,j G Z. Moreover, 

x 2j y 2 * = g(cg) 2 g = gege = (cg)~ 2 = x~ 2l y~ 2j 
and (eg) 2 = (xy- 1 ) 21 G K. It follows that M/K = C|. Contradiction. □ 

Let Q be one of the groups in Proposition 14.61 Then it can be seen that there is an automorphism a G Aut(Q) 
of order 3. Since the kernel of the canonical map Aut(Q) — > Aut(Q/$(Q)) = GL(3, 2) is a 2-group, we have 
(a) G Syl 2 (Aut(Q)). If a is not conjugate to or 1 in Aut(Q), then Burnside's Transfer Theorem implies that 
Aut(Q) is 3-nilpotent. But then also Outp(Q) = 53 would be 3-nilpotent which is not the case. Hence, a is 
unique up to conjugation in Aut(Q). In particular the isomorphism type of Gq(o) is unique. 

Proposition 4.7. Let J- be a fusion system on a bicyclic 2-group P '. If Q < P is J- -essential of rank 3, then 
one of the following holds: 

(i) P is minimal nonabelian of type (n, 1) for some n > 2. 

(ii) P = Q s x C*2" for some n > 2. Here C 2 ™ acts as a transpositions in Aut(Qs) = S4. 
(in) P = C 4 lC 2 . 

(iv) P = Q$.C2™ for some n > 3. 
In particular P' is cyclic. 

Proof. We use Proposition ^. 61 If Q is abelian, then Cf = Q(Q)<P. By Proposition ^. 51 P is minimal nonabelian 
of type (n, 1) for some n > 2. Now assume Q = Q% x Cgn-i for some n > 2. We write Q = (x, y, z) such that 
(x,y) = Qs and (z) = C 2 n-i. Moreover, choose g G P\Q. Let a G Outp(Q) as usual. Then a acts nontrivially 
on Q/$(Q) Z(Q) = C| and so does g. Hence, we may assume 9 x — y and 9 z = z. After replacing g by gx if 
necessary, we obtain 9 y = x. In particular g 2 centralizes (x,y). Since P/$(Q) is minimal nonabelian of type 
(2, 1), we get g 2 G z(x 2 , z 2 ). After replacing g by gz l for a suitable integer i, it turns out that g 2 G {z, zx 2 }. In 
the latter case we replace z by x 2 z and obtain <7 2 = z. Hence, P = Qg x C 2 ™ as stated. Moreover, g acts on (x, y) 
as an involution in Aut(Qs) — Si. Since an involution which is a square in Aut(Qs) cannot act nontrivially on 
Qs/^(Qa), g must correspond to a transposition in S4. This describes P up to isomorphism. Since P = (gx)(g), 
P is bicyclic. In particular P' C (x, y) is abelian and thus cyclic. 

Finally suppose that Q = Qs* for some n > 2. We use the same notation as before. In particular x 2 = z 2 
The same arguments as above give g 2 = z and 

P = (x,y,g I x 4 = 1, x 2 = y 2 = g 2 , y x = x _1 , 9 x =y, 9 y = x) = Q 8 -C 2 ™. 

For 71 = 2 it can be seen that P = C4 i C 2 . In general P = (gx)(g) is bicyclic and P' cyclic. □ 

We will construct the groups and fusion systems in the last proposition systematically in our main Theorem l4.19l 
If the essential subgroup Q is not normal, we can describe the normalizer Np(Q) as follows. 

Proposition 4.8. Let J- be a fusion system on a bicyclic 2-group P. If Q $1 P is J- -essential of rank 3, then 
one of the following holds: 

(i) Np(Q) = D$ x C 2 >« for some m > 1. 

(ii) Np(Q) = Qiq x C 2 m for some m > 1. 
(Hi) Np(Q) = SDie x C 2 m for some m > 1. 
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(iv) Np(Q) = Qiq * Cim for some m > 2. 

Proof. The proof is quite similar as in Proposition 14. 71 As in Proposition 14.61 one can show that Np(<5)/$(Q) = 
D$ x C2 (using Lemma r3.9p . Assume first Q = (x, y) x (z) = Cf X C?m for some m > 1. Choose 5 € Np(Q) \ Q. 
Then as usual we can assume that 9 x — y and 9 z — z. By the structure Np(Q)/Q we can also assume 
that g 2 G $(Q) = (z 2 )- After replacing g by gz' L for some i £ Z if necessary, we obtain g 2 — 1. Hence, 
Np(Q)=D 8 xC 2m . 

Now suppose Q = (x, y) x (z) = Qg x C2>n for some m > 1. Again 9 x = y and 9 z = z. Moreover, g 2 G 
<5(<2) = (x 2 ,z 2 ). As usual we may assume g 2 G (ie 2 )- This gives the two possibilities Np(Q) = Qi6 x G<pn and 
N P (Q) = 5i) 16 xC 2m . 

Finally let Q — (x, y) *(z) = Q & * C2™ for some m > 2. Here we get 9 x = y, 9 z = z and g 2 G <I>(Q) = (z 2 ). As 
usual after replacing g if necessary we get g 2 = 1. Then it is easy to see that Np(Q) = Qig * C^m. □ 

We will see later as a byproduct of our classification Theorem 14.191 that the case Np(Q) = SDi§ x C2™ in 
Proposition 14.81 cannot occur. 

Let J 7 be a fusion system on a 2-group P. Following Definition 3.1 in [2^] every subgroup Q < Z(P) gives rise 
to another fusion system Cf{Q) on P. 

Definition 4.9. The largest subgroup Q < Z(P) such that Cjr(Q) — J- is called the center Z(J-") of J 7 . Accord- 
ingly, we say T is centerfree if Z(J r ) = 1. 

The following corollary is useful to reduce the search for essential subgroups. Notice that the centerfree fusion 
systems on metacyclic 2-group are determined in [8]. 

Corollary 4.10. Let J 7 be a centerfree fusion system on a bicyclic, nonmetacyclic 2-group P. Then there exists 
an abelian J- '-essential subgroup Q < P isomorphic to C 2 m or to C^™ x Cf for some m > 1. 

Proof. By way of contradiction assume that all ^-essential subgroups are isomorphic to C2"« x Qg, or to C^^ * Qs- 
Let z G Z(P) be an involution. Since Z(J 7 ) = 1, there exists an ^-essential subgroup Q < P such that z G Z(Q). 
Moreover, there is an automorphism a G Aut(Q) such that a(z) ^ z. Of course a restricts to an automorphism 
of Z(Q). In case Q = C2™ * Q s this is not possible, since Z(Q) is cyclic. Now assume Q = C^^ X Q%. Observe 
that we can assume that a has order 3, because the automorphisms in Autp(Q) fix z anyway. But then a acts 
trivially on Q' and on Vl(Q)/Q' and thus also on ft(Q) 3 z. Contradiction. □ 

4.1 The case P' noncyclic 

The aim of this section is to prove that there are only nilpotent fusion system provided P' is noncyclic. We do 
this by a case by case analysis corresponding to the theorems in |23| . By Proposition 14.71 we may assume that 
there are no normal J r -essential subgroups. In particular we will use Proposition 14.81 

Let J 7 be a nonnilpotent fusion system on the bicyclic 2-group P. Assume for the moment that P' = Cf . Then 
P does not contain an elementary abelian subgroup of order 8 by Proposition 14.51 Hence, Theorem 4.6 in |2"3"] 
shows that P is unique of order 32. In this case we can prove with computer that there are no candidates for 
J-"-essential subgroups. Hence, we may assume $(P') ^ 1 in the following. 

Proposition 4.11. Let P be a bicyclic 2-group such that P' is noncyclic and P/$(P') contains no elementary 
abelian normal subgroup of order 8. Then every fusion system on P is nilpotent. 

Proof. The case $(P') = 1 was already handled. So we may assume $(P') ^ 1. In particular Theorem 4.7 
in |23J applies. As in the proof of this theorem we can also use Theorem 4.3 in |23| . We the notation in this 
paper we have $(P) = P'{a 2 ) = (a 2 )(v), and M = E(a 2 ) = (x)(a 2 )(v) is the unique nonmetacyclic maximal 
subgroup of P. Let T be a nonnilpotent fusion system on P. Assume first that there exists an ^-essential 
subgroup C2™ x Cf = Q < P (observe that the letter m is not used in Theorem 4.7 of [53]). Theorem 4.7 of 
[23] also shows that 4>(P) is metacyclic and abelian. Since Q contains seven involutions, there is an involution 
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(3 £ M \ $(P). Hence, we can write f3 = xa 2t v^ for some i, j £ Z. Now in case (a) of Theorem 4.7 of [23] we 
derive the following contradiction: 

(3 2 = xa 2 Vxa 2 V = xa 2l xa 2i = x 2 {av) 2% = x 2 a 2l u l z^a 2t = uz^+^ ^ 1. 

Similarly in case (b) we get: 

P 2 = xa 2l v J xa 2l v 3 = xa 2l xz 3 a 21 = x 2 \avf l z 3 a 21 = i 2 fl 2 V !) r ^ 1 /'z J a 2 ' 

Next assume that there is an ^-essential subgroup C 2 "« x Qg = Q < P for some m > 1. By Proposition ^. 71 Q is 
not normal in P. Since Q < N M (Q) < N P (Q), we have Np(Q) < M = Np(Q)$(P). By Proposition 0~H] it follows 
that N P (Q) n $(P) = C 8 x C 2 m, because $(P) is abelian. Hence, there exist f3 = xa 2 'y ] £ N P (Q) \ C 
M \ $(P) and S £ Np(Q) fl "^(P) such that f3 2 = 5^. As above we always have (3 2 £ u(z). However, in both 
cases (a) and (b) we have <5 4 e 15 2 (<$>(P)) l~l = (a 8 )(w 2 " _1 ) = (z). Contradiction. 

Finally suppose that Q = Q s *C 2 ^ is ^-essential for some m > 2. Then Z(P) C Cp(Q) = Z(Q) is cyclic and 
only case (b) can occur. By Proposition 14.81 Np(Q) = Qiq*C2^ — P)\§*C<2,™ . In particular there exists an 
involution (3 £ Np(Q) \ $(P) C M \ But this was already excluded. Hence, the claim follows. □ 

If P' is cyclic, P/$(P') is minimal nonabelian and thus contains an elementary abelian normal subgroup of 
order 8. Hence, it remains to deal with the case where P/$(P') has a normal subgroup isomorphic to Cf . 

Our next goal is to show that P' requires a cyclic maximal subgroup group in order to admit a nonnilpotent 
fusion system. 

Proposition 4.12. Let P be a bicyclic 2-group such that P' = C%r x C 2 r+s for some r > 2 and s £ {1,2}. 

Then every fusion system on P is nilpotent. 

Proof. We apply Theorem 4.11 and Theorem 4.12 in [23 simultaneously. As usual assume first that P contains 
an ^-essential subgroup Q = C 2 ™ x Cf for some m > 1 (m is not used in the statement of Theorem 4.11 in 
[23J). Then Q n $(Q) = C 2 ™ x C 2 , since <J>(P) is abelian and metacyclic. We choose f3 := xa 2i v J £ Q\ $(P). In 
case m > 2, (3 fixes an element of order 4 in Q n $(P). Since $(P) is abelian, all elements of $(P) of order 4 
are contained in (6 2 ' 2 ,u 2 ' However, the relations in Theorem 4.11 in [23] show that x and thus ^ acts as 
inversion on (b 2T 2 , v 2T 1 }. Hence, m = 1. Then Np(Q) n $(Q) — C4 x C 2 . In particular there exists an element 
p£ (& 2 ^ 2 ,w 2, ' _1 )\(Np(Q)n$(Q)). Then p/3 = /3p- 2 £ Q. Since Q = (/3)(Qn$(P)), we derive the contradiction 

peNp(g). 

Next suppose that Q — C 2 ™ x Q 8 for some m > 1. Here we can repeat the argument word by word. Finally the 
case Q = C 2 ™ *Q S cannot occur, since Z(P) is noncyclic. □ 

The next lemma is useful in a more general context. 

Lemma 4.13. Let P be a metacyclic 2-group which does not have maximal class. Then every homocyclic 
subgroup of P is given by f2j(P) for some i > 0. 

Proof. Let C 2 k = Q < P with k £ N. We argue by induction on k. By Exercise 1.85 in |3], Cf = f2(P). Hence, 
we may assume k > 2. By induction it suffices to show that P/0(P) does not have maximal class. Let us assume 
the contrary. Since P/f2(P) contains more than one involution, P/0(P) is a dihedral group or a semidihedral 
group. Let (x)<Psuch that P/(x) is cyclic. Then (x}fi(P)/0(P) and (P/fi(P))/((x)fi(P)/0(P)) P/(x}fi(P) 
are also cyclic. This yields |P/ (x)ft(P) \ = 2 and |P/ (x) | = 4. Since P/fi(P) is a dihedral group or a semidihedral 
group, there exists an element y £ P such that the following holds: 

(i) p/n(p) - (xn(p), y n(p)), 

(ii) y 2 £ O(P), 
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(iii) «x = x- 1 (mod ft(P)) or ^x = x~ 1+2 " (mod fl(P)) with \P/D,(P)\ = 2™ and without loss of generality, 
n > 4. 

Since P — (x,y)fl(P) C (x,y)$(P) — (x,y), we have shown that P is the semidirect product of (x) with (y). 
Moreover 

y x e{x-\ x- 1+2 "~\ x- 1+2 ™~\ x- 1 - 2 ""}. 



Since QD(x) and Q/Qn(x) = Q(x) / (x) are cyclic, we get k = 2 and a; 2 G Q. But then, Q cannot be abelian, 
since n > 4. Contradiction. □ 

Note that in general for a metacyclic 2-group P which does not have maximal class it can happen that P/Vt(P) 
has maximal class. 

Proposition 4.14. Let P be a bicyclic 2-group such that P' = C 2 r for some r > 2. Then every fusion system 
on P is nilpotent. 

Proof. We apply Theorem 4.9 in |23| . The general argument is quite similar as in Proposition 14. 121 but we need 
more details. Assume first that Q = C 2 m x Cf for some m > 1 is P-essential in P (m is not used in the statement 
of Theorem 4.9 in [23]). Since $(P) has rank 2, we get Qn$(Q) = C* 2 ™ x C 2 . We choose (5 := ia 2l n J G Q\$(P). 
Suppose first that m > 2. Then /? fixes an element <5 G Q H 3>(P) of order 4. Now $(P) is a metacyclic group 
with ft($(P)) = C| and C*| fi 2 (P') < $(P). So Lemma ETJ implies Q 2 ($(P)) = (v 2 ^ 2 ,6 2 ^ 2 ) = Cf. In 
case r = 2 we have |P| = 2 7 , and the claim follows by a computer verification. Thus, we may assume r > 3. 
Then x^v^^x = v' 2 ^ 2 . Moreover, fi 2 ($(P)) C 15($(P)) = $($(P)) C Z($(P)), since $(P) is abelian or 
minimal nonabelian. This shows that /3 acts as inversion on £! 2 (<f>(P)) and thus cannot fix 5. It follows that 
m = 1. Then |N P (Q) n $(Q)| < 8. In particular there exists an element p G ft 2 ($(P)) \ (N P (Q) n $(Q)). Then 
p /3 = /3p~ 2 G Q. Since Q = ((3)(Q n $(P)), we derive the contradiction p G N P (Q). 

Now assume Q — C 2 ™ xQg f° r some m > 1. We choose again /3 := xa 2% v^ G Q\$(P). If $(P) contains a subgroup 
isomorphic to Qs, then £7 2 ($(P)) cannot be abelian. So, in case m = 1 we have N P (Q) n$(P) = Cs x C 2 . Then 
the argument above reveals a contradiction (using r > 3). Now let m > 2. We write Q = (qi) x (52,93) where 
(91) = C 2 m and (92,93) — Qs- In case gi ^ < I > (P) we can choose /3 = 91. In any case it follows that f3 fixes an 
element of order 4 in Q n $(P). This leads to a contradiction as above. 

Finally suppose that Q = C 2 ™ * — C 2 m * D$ for some m > 2. Here we can choose f3 G Q \ $(P) as an 
involution. Then there is always an element of order 4 in Q n $(P) which is fixed by /3. The contradiction 
follows as before. □ 

Proposition 4.15. Let P be a bicyclic 2-group such that P' = C 2 r x C 2 r+s+i for some r,s>2. Then every 
fusion system on P is nilpotent. 

Proof. Here Theorem 4.13 in [23] applies. The proof is a combination of the proofs of Proposition 14.121 and 
Proposition 14 . 1 41 In fact for part (a) of Theorem 4.13 we can copy the proof of Proposition 14.121 Similarly the 
arguments of Proposition l4".14l remain correct for case (b). Here observe that there is no need to discuss the case 
r = 2 separately, since x v x — v . □ 



Now it suffices to consider the case where P' contains a cyclic maximal subgroup. If P' is noncyclic, Theorem 4.8 
in [53] applies. This case is more complicated, since |P/P'| is not bounded anymore. 

Proposition 4.16. Let P be a bicyclic 2-group such that P' = C 2 n x C 2 for some n > 2, and P/$(P') has a 
normal elementary abelian subgroup of order 8. Then every fusion system on P is nilpotent. 

Proof. There are two possibilities for P according to if Z(P) is cyclic or not. We handle there separately. 

Case 1: Z(P) noncyclic. 
Then a 2 = uz n . Moreover, 

a~ 2 va 2 = a- l vuv 2 +^a = a"W+ 4s a = uv 3+is (m; 2+4s ) 3+4s = ^ 3+4s ) 2 G v(v 8 ). (1) 
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Using this we see that (a 2 , u 2 ) = Cf. Thus. Lemma \4. 131 implies f2 2 ($(P)) = (a 2 , v 2 )■ As usual we 
assume that there is an P-essential subgroup Q = C 2 t x Cf for some t > 1. Then Q n = C 2 t x C2, since 

$(P) has rank 2. For_i_= 1 we obta in Q n $(P) = ft($(P)) C Z(P). Write P := P/fi($(P)), Q := Q/f2($(P)) 
and so on. Then Cp-(Q) C Np(Q). So by Satz 111.14.23 in [TH], P has maximal class. Hence, P' = $(P) and 
m = 1. Contradiction. Thus, we may assume t > 2. Then as usual we can find an element <5 G Q H $(P) of order 
4 which is fixed by some involution (3 £ Q \ $(P). We write <5 = a 2 rfl w 2 d2 and /3 = so 21 !) 3 . Assume first 
that 2 I d x . Then 2 f d 2 . Since a 2 "V"~ 2 £ Z($(P)), it follows that 6 = 13 5 = x 5 = 5~ x . This contradiction shows 
2\d\. After replacing 8 with its inverse if necessary, we can assume di = 1. Now we consider /3. We have 

1 = f3 2 = (:m 2 V) 2 = :rW J = a 4 * (mod P'). 

Since 

2 n+m = \$(P)\ 

1 k n \(a 2 )r\P'\ |(a 2 }n?'|' 

we get 2 m ~ 2 I i. So, after multiplying f3 by a suitable power of 6, we may assume i = 0, i. e. j3 = xv 3 . Then 
1 = xv 3 xv 3 — x 2 . Since P/ R is minimal nonabelian of type (m, 1), we can conjugate Q such that j3 — xu l v 2j 
and j3 = xv 23 after changing the representative again. After we conjugate Q by a suitable power of v, we even 
obtain /3 = x. Since x(a 2 v t )x~ 1 = a 2 uv i ^ 1+s '~' t , no element of the form a 2 v l is fixed by x. On the other hand 

a^oV)*" 1 = (aV^) 2 ^ = a V(l+s)(3+4 s ) 3 +4(l+ s )-i_ 

This shows that there is an i such that a 4 i/ =: A is fixed by x. Assume there is another element Ai := a 4 v 3 which 
is also fixed by x. Then A _1 Ai = v 3 ~ % G (z). This holds in a similar way for elements containing higher powers of 
a. In particular u — a 2 '" z v G (A, z). Recall that $(P) = (v) x (a 2 ). This shows C$rp\ (x) = (A) x (z) = C 2 m-ixC 2 . 
Since Qn<I>(P) C C$( P )(a;), we deduce C$(p)(ie) C C P (Q) C Q. Moreover, Qn$(P) = C$( P )(x) and t = m- 1. 
It is easy to see that for \x := a 2 ^ 2 ( 1+s ) we have ^x — a 2 v 2 ^ 1+ ^ xv~ 2 ( l+ s ^ a~ 2 = ux G Q. Now /x 2 G C^r P \(x) 
implies C$(p)(x) = (/i 2 ,z) and /i G Np(Q) = Q(v 2 ). Contradiction. 

Now assume Q = 6*2* x Q% for some i > 1. Since $(P) does not contain a subgroup isomorphic to Qg, 
we see that f2($(P)) C Q. First assume i = 1. Then we look again at the quotients P := P/f2($(P)) and 
Q := Q/f2($(P)) = Cf. Since Np(Q) acts nontrivially on Q, we get Cp(Q) C Q. In particular Satz III. 14. 23 in 
[18J implies that P has maximal class. This leads to a contradiction as in the first part of the proof. Thus, we 
may assume t > 2 from now on. Then f22($(P)) C Q. Since Q contains more elements of order 4 than $(P), 
we can choose (3 G Q \ $(P) of order 4. Write /3 = xa 2l v 3 . Then /3 2 G fi($(P)) C P'. So the same discussion 
as above shows that we can assume /3 = x. In particular | (x) | = 4. Since C$( P ) (x) is abelian, A centralizes 

(Cq(x) fl <E>(P))(a;}(u 2 ) = Cq(x)(v 2 ) = Q. This shows A G Q and t = m — 1 again. More precisely we 
have Q = (X) x (w 2 ™ 2 ,x). Equation ((T|) shows that w 2 " 3 still lies in the center of $(P). It follows easily that 
Np(<3) = Q(v 2 " 3 ). However, as above we also have \i G N P (Q). Contradiction. 

Finally, the case Q = 6*2* * Qs cannot occur, since Z(P) is noncyclic. 

Case 2: Z(P) cyclic. 

Here we have a 2 '™ = uv 2 " z v , n > m + 2 > 4 and 1 + s ^ (mod 2 n_3 ). Again we begin with Q = x C| 
for some t > 1. By Theorem 4.3(b) in [53] we still have (u,z) = fi(Z($(P))). Since $(P) does not have 
maximal class, also (u, z) = f2($(P)) holds. In particular J7($(P)) C Q. In case t = 1 we see that P/f2($(P)) 
has maximal class which leads to a contradiction as before. Thus, t > 2. Since u G Z($(P)), Equation ([T]) 
is still true. Hence, $(P)' C (u 8 ). This shows that $(P) := $(P)/fi($(P)) does not have maximal class. 
Hence, 0($(P)) = C| and |fi 2 ($(P))| = 16. Since (m,w 2 "" 2 } C Z($(P)) n fij(*(P)) C Z(f7 2 ($(P))), it follows 
that n 2 (*(-P)) = C\. We choose an involution /3 = xa 2i v 3 £ Q\ $(P). Then as usual t; 2 "" 2 G N P (Q) \ Q. 
Since a 2 G (u) x (u 2 ), we find an element S — a 2 v dl G Q D ^(^(P)) of order 4. Now exactly the 
same argument as in Case 1 shows that (3 = x after changing the representative and conjugation of Q if 
necessary. Similarly we get A := a 4 v 3 G C$( P )(x). Moreover, u — a 2 v~ 2 z v G {A 2 ™ ,A 2m z}. Therefore, 
C$(p)(a;) = (A) x (z) = C 2 m-i x C 2 . The contradiction follows as before. 

Now assume that Q = C 2 t x Qg or Q — C 2 t+i *Qs for some t > 1. Corollary 14.101 shows that T = Cjr((z}). 
Theorem 6.3 in [21] implies that Q := Qj (z) = C 2 t x C| is an P/ (z)-essential subgroup of P := P/(z). Now P 
is bicyclic and has commutator subgroup isomorphic to C 2 ™-i x C 2 . So we have already seen that there are no 
nonnilpotent fusion systems on P. Contradiction. □ 
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Combining these proposition we deduce one of the main results of this paper. 

Theorem 4.17. Every fusion system on a bicyclic 2-group P is nilpotent unless P' is cyclic. 

It seems that there is no general reason for Theorem 14.171 For example there are nonnilpotent fusion systems 
on 2-groups of rank 2 with noncyclic commutator subgroup. 

For the convenience of the reader we state a consequence for finite groups. 

Corollary 4.18. Let G be a finite group with bicyclic Sylow 2-subgroup P. If P' is noncyclic, then P has a 
normal complement in G. 

4.2 The case P' cyclic 

In this section we consider the remaining case where the bicyclic 2-group P has cyclic commutator subgroup. 
Here Theorem 4.4 in [52] plays an important role. The following theorem classifies all fusion systems on bicyclic 
2-groups together we some more information. 

Theorem 4.19. Let J- be a fusion system on a bicyclic 2-group P. Then one of the following holds: 

(1) J- is nilpotent, i. e. J- = J-p(P). 

(2) P ^ Cf„ and T = 7>(P x C 3 ) for some n>\. 

(3) P D 2 » for some n > 3 and T = 7 r P (PGL(2, 5 2 "~ 3 )) or T = J" P (PSL(2, 5 2 "~ 2 )). Moreover, T provides 
one respectively two essential subgroups isomorphic to Cf up to conjugation. 

(4) P = Qs and J- = J-p(SL(2,3)) is controlled, i. e. there are no J- -essential subgroups. 

(5) P = Q 2 " for some n > 4 and T = J>(SL(2, 5 2 ™~ 4 ).C 2 ) or T = .F P (SL(2, 5 2 ™~ 3 )). Moreover, T provides 
one respectively two essential subgroups isomorphic to Qs up to conjugation. 

(6) P ^ SD 2 n for some n > 4 and T = J" P (PSL(2, 5 2 "~ 3 ) x C 2 ), T = J>(GL(2, <?)) or T = J" P (PSL(3, q)) 
where in the last two cases q is a suitable prime power such that q = 3 (mod 4). Moreover, in the first 
(resp. second) case Cf (resp. Qs) is the only T -essential subgroup up to conjugation, in the last case both 
are T -essential and these are the only ones up to conjugation. 

(7) P £ C 2 n i C 2 for some n > 2 and T = T P {Cl n x S 3 ), T = J>(GL(2,g)) or T = J>(PSL(3,g)) where m 
the last two cases q = 1 (mod 4). Moreover, in the first (resp. second) case C| n (resp. C 2 " * Qs) is the only 
^-essential subgroup up to conjugation, in the last case both are T -essential and these are the only ones up 
to conjugation. 

(8) P = Cf x C 2 n is minimal nonabelian of type (n, 1) for some n > 2 and J- — J-p(A^ x C 2 n). Moreover, 
C 2 n-i x Cf is the only J- -essential subgroup of P. 

(9) P = {v,x,a | v 2 " = x 2 = 1, x v = o? m = v 2 " \ a v — v~ 1+2 " m 1 , a x = vx) = D 2n +i.C 2 m for 
n > m > 1 and T = J r p(PSL(2,5 2 ).C 2 m). Moreover, C 2 ™-i x Cf is the only J- -essential subgroup up to 
conjugation. 

(10) P = (v,x,a | v 2 " = x 2 = o? m =1, = a v = v~ 1+2 \ a x = vx) = D 2n +i x C 2 ™ for max(2,n — 
m + 2) < i < n and n,m > 2. Moreover, T = J r P (PSL(2, 5 2 " ) x C 2 ™) and C 2 ™ -i x Cf is the only 
^-essential subgroup up to conjugation. In case i = n there are two possibilities for J- which differ by 
Z(^)6{(a 2 ),(a 2 « 2 - 1 )}. 

(11) P = (v, x, a | v 2 " = 1, x 2 — a 2 '" = v 2 " \ x v = v~ x , a v = v~ 1+2 " a x = vx) = Q 2 n+i.C 2 ™ for 
n > m > 1 and J- = J-" P (SL(2,5 2 ).C 2 m). Moreover, C 2 m-i x Qs is the only ^-essential subgroup up to 
conjugation. 

(12) P = (v,x,a | v 2 " = a 2 "* = 1, x 2 = w 2 " , x v = v~ x , a v — v~ 1+2 ' , a x — vx) = Q 2 ^+i x C 2 ™ for 
max(2, n~m + 2)<i<n and n, m > 2. Moreover, T = J" P (SL(2,5 2 " ) x C 2 ™) and C 2 m-i x Q 8 is the 
only J- - essential subgroup up to conjugation. 
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(13) P = (v,x, a | v 2 " = a 2 '" = 1, x 2 = v 2 " \ x v = a v = i;~ 1+2 ™ m+ , a x = ui) = Q 2n +i x C 2 ™ /or 
n > m > 1 and J 7 = J-p(SL(2,5 2 ) x C 2 m). Moreover, C 2 m *Qs * s the only ^-essential subgroup up to 
conjugation. 

(14) P = (v, x, a I w 2 " =1, x 2 — a 2 ™ = v 2 " , x v = a w = i;~ 1+2! , "x = vx) = Q 2 "+ 1 ^2 m / or max(2, n — 
to + 2) < i < n and n, to > 2. In case m — n, we have i ^ n. Moreover, J- = J-p(SL(2,5 2 ).C 2 ™) and 
C 2 ™ * Qs is the only ^-essential subgroup up to conjugation. 

In particular T is nonexotic. Conversely, for every group described in these cases there exists a fusion system 
with the given properties. Moreover, different parameters give nonisomorphic groups. 

Proof. Assume that T is nonnilpotent. By Theorem 14. 171 P' is cyclic. The case P = Q$ is easy. For the other 
metacyclic cases and the case P = C 2 ™ I C 2 we refer to Theorem 5.3 in |S]. Here we add a few additional 
information. An induction on i > 2 shows 5 2 =1 + 2* (mod 2 l+1 ). This implies that the Sylow 2-subgroups 
of SL(2,5 2 ), PSL(2,5 2 ) and so on have the right order. For the groups SD 2 ™ and C 2 n I C 2 it is a priori 
not clear if for every n an odd prime power q can be found. However, this can be shown using Dirichlet's Prime 
Number Theorem (compare with Theorem 6.2 in jH]). Hence, for a given n all these fusion systems can be 
constructed. 

Using Proposition 14.31 we can assume that every ^-essential subgroup has rank 3. Finally by Proposition 14.51 
it remains to consider \P'\ > 2. Hence, let P be as in Theorem 4.4 in [23 . We adapt our notation slightly as 
follows. We replace a by a -1 in order to write a v instead of v a . Then we have a x = vx. After replacing v by 
a suitable power, we may assume that i is a 2-power (accordingly we need to change x to v v x for a suitable 
number rj). Then we can also replace i by 2 + log?. This gives 

P^{v,x,a\ v 2 " =1, x 2 ,a 2 ' n € (w 2 "^), x v = v~\ a v = V - 1+2 \ a x = vx). (2) 

Since Theorem 4.4 in [23] also states that v and a 2 ™ 1 commute, we obtain i £ {max(n — to + 1, 2), ... , n}. We 
set z := v 2 as in Moreover, let A := v~ 2 a 2 . Then 

x\x — v (v a) = v a = A 

and A G C$(p)(x). Assume that also v^a 2 £ C$(p)(x). Then we get v^a 2 £ {A, Az}. Hence, C$(p)(a;) £ 
{(A), (A) x (z)}. It should be pointed out that it was not shown in [23] that these presentations really give 
groups of order 2 n+m+1 (although some evidence by computer results is stated). However, we assume in the 
first part of the proof that these groups with the "right" order exist. Later we construct J 7 as a fusion of a finite 
group and it will be clear that P shows up as a Sylow 2-subgroup of order 2™+™ l + 1 . Now we distinguish between 
the three different types of essential subgroups. 

Case 1: Q = C 2 t x C 2 is ^-essential in P for some t > 1. 

As usual Q < M = E{a 2 ). Since Q n E is abelian and Q/Q n E = QE/E < P/E is cyclic, it follows that E is 
dihedral and Q(~] E = C 2 . After conjugation of Q we may assume QC\ E £ {(z, x), (z, vx)}. Further conjugation 
with a gives QPiE = (z, x). Since Cq(x)D^(P) is noncyclic, it follows that C$(p) (x) = (A) x (z) = C 2 m-i x C 2 . As 

usual we obtain Q = (X,z,x) and t = m — 1. Moreover, a 2 va~ 2 = v (mod (v 8 )). Hence, Np(Q) = (X,v 2 ,x). 

We prove that Q is the only ^-essential subgroup of P up to conjugation. If there is an ^-essential subgroup of 
rank 2, then Proposition 14.31 implies that P is a wreath product. However, by the proof of Theorem 5.3 in [S] all 
the other ^-essential subgroups are of type C 2 r * Q s . Hence, this case cannot occur. Thus, by construction it is 
clear that Q is the only abelian ^-essential subgroup up to conjugation. Now assume Qi = C 2 s x Qs is also T- 
essential. Since Q\ has three involutions, Q1P1E is cyclic or isomorphic to Cf . In either case Q/QDQ = QE/E < 
P/E cannot be cyclic. Contradiction. Suppose now that Q\ = C 2 s *Q S = C 2 n * D% for some s > 2. Then QiHE 
cannot be cyclic, since Q\ has rank 3. Suppose QiHE = C 2 . Then f2(Z(Qi)) C QiCiE and expQi/QiHE < 2 S_1 . 
On the other hand \Qi/Qi D E\ = 2 s . In particular Q\/Q\ fl E = Q\E/E < P/E cannot be cyclic. It follows 
that Qi HE must be a (nonabelian) dihedral group. Hence, 2 s ~ 1 |Qi (~]E\ = \(Q 1 nE) Z(Qi)| < \Qi\ = 2 S+2 and 
Qi fl E = £)§. After conjugation of Q\ we have Q\ fl E = (v 2 , x). Let Ai £ Z(Qi) \ E be an element of order 
2 s such that \f = z. Since x £ Qi, we have X\ £ C$(p)(a;) = (A) x (z). This implies s = 2 and Ai ^ &{P)- 
Since Q\ = (Qi n Q(P))(x), we obtain X\x £ C^/p^(x). But this contradicts z = A 2 = (Xix) 2 . Hence, we have 
proved that Q is in fact the only J-"-essential subgroup of P up to conjugation. 
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Now we try to pin down the structure of P more precisely. We show by induction on j > that A 2J = 
v 2 3 v a 2 ' for an odd number v. This is clear for j = 0. For arbitrary j > 1 we have 

A 2^ = X 23 ~ 1 \ 23 '~ 1 = W 2 ' +3 ~ 2 VV ,+J ~ 2l/ a 2J = w 2'+^ 2 i ,(-l+2*) 2J +2*+^ 2 l , a 2^ + 1 _ w 2*+^ 2 I ,((-l+2*) 2J +l) a 2^ + ^ 

and the claim follows. In particular we obtain 

1 = A 2 ™" =v r+m ~ 2 "a 2m . (3) 

We distinguish whether P splits or not. 
Case 1(a): a 2 = z. 

Here Equation ^ shows i = n — m + 1. Then n > m > 1, and the isomorphism type of P is completely 
determined by m and n. We show next that J 7 is uniquely determined. For this we need to describe the action 
of AutjF(Q) in order to apply Alperin's Fusion Theorem. As in the proof of Proposition 14.51 Autjr(Q) acts on 
(x, z) or on (x\ 2 ,z) nontrivially (recall Np(Q) = D$ x Cym-x). Set x := xA 2 and a := av 2 . Then as 
above x — xv ±2 a 2 . Hence, x 2 — 1 and 31 1> = v^ 1 . Moreover, a 2 = a 2 and thus a 2 = z. Finally, a v — a v 
and a x = a (xzv ±2 a 2 ) = razu^ 2 a 2 — vx. Hence, v, x and a satisfy the same relations as v, x and 
a. Obviously, P — (v,x,a). Therefore, we may replace x by x and a by a. After doing this if necessary, we see 
that Autjr(Q) acts nontrivially on (x,z) (observe that Q remains fixed under this transformation). As usual 
it follows that Cg(Autjr(Q)) e {(A), (Az)} (compare with proof of Proposition I4.5|> . Define a := a 1+2 "' 1 and 
v '■= v 1+2 = vz. Then a 2 = a 2 z, a 2 = z,v 2 = 1, x v — u _1 and a v = v~~ 1+2 + . Now we show by induction 
on j > 1 that a 2 ' xa~ 21 — v 2 3v x for an odd integer v. For j = 1 we have a 2 xa~ 2 = a (vx) = v 2 x. For 
arbitrary j > 1 induction gives 

a xa = a (a xa )a = a yv x)a = v u T ; T 'x, 

and the claim follows. In particular a 2 xa~ 2 = zvx and a x — vx. Obviously, P — (v,a, x). Hence, we may 
replace v, a, x by v, a, x if necessary. Under this transformation Q and {x, z) remain fixed as sets and A goes 
to Xz. So, we may assume Cq(Autjr(Q)) = (A). Then the action on Autjr(Q) on Q is completely described. In 
particular J- is uniquely determined. 

It remains to prove that P and T really exist. Let q :— 5 2 ™ . It is not hard to verify that H := PSL(2,g) has 
Sylow 2-subgroup E = D 2 n+i . More precisely, E can be generated by the following matrices 

uj A _ / 1 

to- 1 ) ' X '~ \-l 

where weF ? x has order 2 n+1 . Moreover, we regard these matrices modulo Z(SL(2,g)) = (—12)- Now consider 
the matrix a\ '■= (-10) G GL(2, q)/ Z(SL(2, q)). Then a\ acts on H and a calculation shows ai v = tr 1 
and ai x — vx. Let 71 be the Frobenius automorphism of ¥ q with respect to F5, i.e. 71 (r) = r 5 for r € ¥ q . 
As usual we may regard 71 as an automorphism of H. Let 7 := 7 2 so that |(7)| = 2 m . Recall that 

(Z/2' i+1 Z) x = (5 + 2" +1 Z> x (-1 + 2" +1 Z) = C 2 »-i x C 2 . It is easy to show that (5 2 ""™" 1 + 2 n+1 Z) and 
(1 - 2"- m+1 + 2" +1 Z) are subgroups of (Z/2 n+1 Z) x of order 2 m . Since 

52— 7 "- 1 = ! _ 2 "-m+i ( mo d 8), 

it follows that 

^2" — ! + 2 n+l z ^ _ ^ _ 2 n-m+l + 2 «+lZ). 
In particular we can find an odd integer v such that 5 2 " = 1 — 2™ _ln+1 (mod 2™ +1 ). Now we set 

a := 017^. 



'+1 



Since 71 fixes x, we obtain a v = w _1+2 and a ir = vx. It remains to show that a 2 = v 2 =: z. Here we 

identify elements of H with the corresponding inner automorphisms in lnn(H) = H . For an element u € H we 
have 

a 2 ( M ) = (o^airXt*) = (ai 7 ,y («i))7 2l/ («)(«i7 l/ («i))- 1 = ( K ^--v) 7^) («). 
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After multiplying the matrix in the last equation by (ft °) 6 Z(GL(2, q)) for h := — (5 2 v + l)/2, we 
obtain 

° 3 «=(("7 „-°-)^)w. 

since (1 — 5 2 ™ m 1 ")/2 = 2"~" 1 (mod 2 n ). Using induction and the same argument we get 

a ={o 

where 2 n ~ m+: >~ 1 \ hj and 2™~ m+; ' \ hj for j > 1. In particular a 2 = z as claimed. Now Theorem 15.3.1 in [T3] 
shows that the following nonsplit extension exists 

G:=H(a) = PSL(2, 5 2 " _1 ).C 2m . 

Moreover, the construction shows that G has Sylow 2-subgroup P. Since H is nonabelian simple, Tp{G) is 
nonnilpotent. Hence, J 7 = Fp(G). 

Case 1(b): a 2 ™ = 1. 

Here P = _D 2 >i+i x: C 2 ™- Moreover, by Equation (J3j) we have n — m + 2 < i. As in Case 1(a) we may assume 
that Autjr(Q) acts on (x, z) using the following automorphism of P if necessary: 

ui-ni, x i — y xX 2 , a ^ av 2 

Now assume i < n (and thus m, n > 3). Here we consider the following map 

v M> v = vz =: u, a; h4 x, a h- > a =: a. 



It can be seen that u, x and a generate P and satisfy the same relations as v, x and a. Moreover, as above we 
have A 2 = za 2 . This shows 

\ . ~-2 i_1 ~2 -2 i_1 2+2" _i+1 \l+2" _i l\ \l+2 n ~ i 

ah) v a = v a = A T z = (Xz) T 

Hence, we obtain Cg(Autjr(Q)) = (A) after applying this automorphism if necessary. This determines T com- 
pletely, and we will construct JF later. 



We continue by looking at the case i = n. Here we show that A = za 2 is not a square in P. Assume the contrary, 
i.e. za 2 = (v : >x k a 1 ) 2 for some j,k,l e Z. Of course I must be odd. In case k = we get the contradiction 
(yia 1 ) 2 = a 21 . Thus, k = 1. Then [u,a;a'] = 1 and (v^xa 1 ) 2 = v 2j ' {xaxa~ x )a 21 — v 2 i~ x a} 1 . Again a contradiction. 
Hence, A is in fact a nonsquare. However, Xz — a 2 is a square and so is every power. As a consequence, it turns 
out that the two possibilities C Q (Aut^(Q)) = Z(J") = (A) or C Q (Aut^(Q)) = Z(J r ) = (a 2 ) give in fact nonequal 
fusion systems (in the sense of Definition 14. 4p . We denote the latter possibility by JF' , i. e. Z(P') = (a 2 ). 

Now for every i £ {max(2, n — m + 2), . . . , n} we construct P and J- . After that we explain how to obtain T' 
for i = n. This works quite similar as in Case 1(a). Let q, H, v, x, a± and 71 as there. It is easy to see that 
(l-2 i +2" +1 Z) has order 2 n+1 ~ i as a subgroup of (Z/2' i+1 Z) x . Set 7 := 7l 2 ^ 2 . Then 7 2 '" = 1, since m+i-2 > n. 
Again we can find an odd integer v such that 5 2 v = 1 — 2 l (mod 2™ +1 ). Setting a := a^" £ Aut(P) we get 
a v — v~ 1+2 and a x = vx. It remains to prove a 2 = 1. As above we obtain 

2 (u 2 ^ 1 \ 2y 
a = { u-^P ' 

This leads to a 2 =1. Now we can define G := Hx{a) (notice that the action of (a) on H is usually not faithful). 
It is easy to see that in fact P G Syl 2 (G) and Tp(G) is nonnilpotent. Hence, for i < n we get T = J 7 p(G) 
immediately. Now assume i = n. Since uj 2 = — 1 6 ¥ q , we can choose w such that w 2 = 2 g F5 C F g . Define 
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A calculation shows that a has order 3 and acts on (x, z) nontrivially. Moreover, 7 2l/ = 1 and a 2 is the inner 
automorphism induced by z. In particular a 2 does not fix a. We can view a as an element of Autp p (G) (Q). 
Then CQ(Autp p ( G )(Q)) = (A) = Z(J r ) is generated by a nonsquare in P. This shows again T = Fp(G). It 

remains to construct J 7 '. Observe that 7 acts trivially on (v,x), since 5 2 = 1 (mod 2"). Hence, we can 
replace the automorphism a just by a\ = ( q J without changing the isomorphism type of P. Again we define 
G := H X (ai). Then it turns out that a 2 = (qS) Z(GL(2, g)). In particular a 2 is fixed by the element 
a G Aut jrp(G) (Q) above. So here Z(J 7 ) = (a 2 ) is generated by a square in P. Thus, we obtain T' = J-p{G). 

Case 2: Q = Cy- x Qs is -F-essential in P for some £ > 1. 

We have seen above that E cannot be dihedral. Hence, E is (generalized) quaternion, i.e. x 2 = z. Now \Q : 
Z(Q) I = 4 implies QPiE = Qs- After conjugation of Q we may assume QCiE = {v 2 , x). Corollary 14 . 1 01 implies 
z € Z(J r ). In particular Q/(z) = C2« x Cf is an J r /(z)-essential subgroup of P/ (z) (see Theorem 6.3 in [29 J. So 
by the first part of the proof and Proposition 14.51 (for n = 2) we get £ = m — 1, and Q is the only ^-essential 
subgroup up to conjugation. Since Cq(x) fl $(P) is still noncyclic, we have C$(p)(x) = (A) x (z) = C 2 m-i x C2 
as in Case 1. Moreover, a 2 fixes i> 2 ™ 2 , and it follows that Q — (v 2 ™ 2 ,x,\). 

Here we can handle the uniqueness of J- uniformly without discussing the split and nonsplit case separately. 
Since Inn(Q) = Cf , Autjr(Q) is a group of order 24 which is generated by Np(Q)/ Z(Q) and an automorphism 
a G Autjr(Q) of order 3. Hence, in order to describe the action of Autjr(Q) on Q (up to automorphisms from 
Aut(P)), it suffices to know how a acts on Q. First of all, a acts on only one subgroup Q% = R < Q. It is not hard 
to see that Q' = (z) C R and thus R < Q. In particular i? is invariant under inner automorphisms of Q. Now let 
/? be an automorphism of Q coming from Np(Q)/Q < Outjr(Q). Then /3a = aT 1 ^ (mod Inn(Q)). In particular 
f3(R) = a^ 1 ((3(R)) = R. Looking at the action of Np(Q), we see that R G {(v 2 ™ 2 ,x), (v 2 ™ 2 ,x\ 2 ™ 2 )}. Again 
the automorphism 

v 1 y v , x 1 ^ .tA 2 , a 1— )• au 2 
leads to R — (v 2 ,x). The action of a on i? is not quite unique. However, after inverting a if necessary, we 
have a(x) G {v 2 ,v~ 2 }. If we conjugate a with the inner automorphism induced by x in doubt, we end 
up with a(x) — v 2 " 2 . Since a has order 3, it follows that a(v 2 " 2 ) = xv 2 ™ 2 . So we know precisely how a acts 
on R. Since a is unique up to conjugation in Aut(Q), we have Cq(o) — Z(Q) = (A, z). Hence, the action of 
Autp(Q) on Q is uniquely determined. By Alperin's Fusion Theorem, T is unique. For the construction of J- 
we split up the proof again. 

Case 2(a): a 2 "* = z. 

Then again n > m > 1 and i = n — m + lby Equation §S§ . So the isomorphism type of P is determined by 
m and n. We construct P and J 7 in a similar manner as above. For this set q := 5 2 and H := SL(2,g). 
Then a Sylow 2-subgroup H is given by E := (v, x) = Q2"+ 1 where v and x are defined quite similar as in 
Case 1(a). The only difference is that ui G F£ has now order 2 n and the matrices are not considered modulo 
Z(SL(2, q)) anymore. Also the element a\ as above still satisfies ai v = v^ 1 and ai x = vx. Now we can repeat 
the calculations in Case 1(a) word by word. Doing so, we obtain G := H(a) = SL(2, q).C%m and J- — J r p(G). 

Case 2(b): a 2 ™ = 1. 

Here Equation ([3]) gives max(n + m + 2, 2) < i < n. For every i in this interval we can again construct P and 
T in the same manner as before. We omit the details. 

Case 3: Q = * Qs is J^-essential in P for some t > 2. 

Again the argumentation above reveals that E is a quaternion group and x 2 — z. Moreover, QDE — (v 2 , x) = 
Qs after conjugation if necessary. Going over to P/(z), it follows that t = m. Assume n = m = i and a 2 = z 
for a moment. Then (ax) 2 = vza 2 and F± '■— (v,ax) = C|„ is maximal in P. Since P/$(i r i) is nonabelian, we 
get P = C2" i C2 (compare with the proof of Proposition 13. S| . Thus, in case n = m and a 2 = z we assume 
i < rt in the following. We will see later that other parameters cannot lead to a wreath product. After excluding 
this special case, it follows as before that Q is the only ^-essential subgroup up to conjugation. Since Cq(x) 
contains an element of order 2 m , we have C$(p)(ir) = (A). Hence, we have to replace Equation © by 

z = A = v a 

where v is an odd number. Moreover, Q — (v 2 , x, A). If a 2 — z, then max(n — m + 2, 2) < i < n. On the 
other hand, if a 2 = 1, then n > m > 1 and i = n — m + 1. Hence, these cases complement exactly the Case 2 
above. 
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The uniqueness of J 7 is a bit easier than for the other types of essential subgroups. Again AutjF(Q) has order 
24 and is generated by Np(Q)/Z(Q) and an automorphism a G Autjr(Q) of order 3. It suffices to describe 
the action of a on Q up to automorphisms from Aut(P). By considering Q/Q 1 = C 2 n,-i x Cf we see that 
R := (v 2 , x) is the only subgroup of Q isomorphic to Q$. In particular a must act on R. Here we also can 
describe the action precisely by changing a slightly. Moreover, Cq(o) = Z(Q) = (A), since a is unique up to 
conjugation in Aut(Q). This shows that P is uniquely determined (in the sense of Definition 14. 4p . Now we 
distinguish the split and nonsplit case in order to construct P and P. 

Case 3(a): a 2 ™ = 1. 

At first glance one might think that the construction in Case 2 should not work here. However, it does. We 
denote q, H and so on as in Case 2(a). Then a 2 is the inner automorphism on H induced by z. But since 
z G Z(P), a 2 is in fact the trivial automorphism. Hence, we can construct the semidirect product G = H x (a) 
which does the job. 

Case 3(b): a 2 " 1 = z. 

Here we do the opposite as in Case 3(a). With the notation of Case 3(a), a is an automorphism of H such that 
a 2 =1 and a fixes z G Z(iJ). Using Theorem 15.3.1 in [T3J we can build a nonsplit extension G ■= H(a) such 
that a 2 = z. This group fulfills our conditions. 

Finally we show that different parameters in all these group presentations give nonisomorphic groups. Obviously 
the metacyclic groups are pairwise nonisomorphic and not isomorphic to nonmetacyclic groups. Hence, it suffices 
to look at the groups coming from Theorem 4.4 in [23] • So let P be as in Equation ((2} together with additional 
dependence between x 2 and the choice of i as in the statement of our theorem (this restriction is important). 
Assume that P is isomorphic to a similar group Pi where we attach an index 1 to all elements and parameters 
of Pi. Then we have 2 n+m+1 = |P| = |Pi| = 2" 1+mi+1 and 2" = |P'| = \P[ \ = 2™ 1 . This already shows n = n x 
and m = m%. As proved above P admits a nonnilpotent fusion system with essential subgroup C 2 m-i x Cf if 
and only if x 2 = 1. Hence, x 2 = 1 if and only if x\ — 1. Now we show i = i\. For this we consider $(P) = (v, a 2 ). 
Since $(P) is metacyclic, it follows that 3>(P)' = ({v 7 a 2 }) = (w 2 +1 ) = C21 where 77 := max(n — i — 1,0). Since 
i, i\ < n, we may assume i, i\ G {n — 1, n}. In case i = n the subgroup C '■= {v, ax) is abelian. By Theorem 4.3(f) 
in [23 , C is a metacyclic maximal subgroup of P. However, in case i = n — 1 it is easy to see that the two 
metacyclic maximal subgroups (v, a) and (v, ax) of P are both nonabelian. This gives i = i\. It remains to show: 
a 2 =1 <^=> a 2 =1. For this we may assume x 2 — z and x\ = z\. In case i = n — m + 1 (and n > to > 1) we 
have a 2 = 1 if and only if P provides a fusion system with essential subgroup C^™ * <5s- A similar equivalence 
holds for max(n — m + 2, 2) < i < n (even in case n = m = i). This completes the proof. □ 

We present an example to shed more light on the alternative in part (fTU|) of Theorem 14.191 Let us consider the 
smallest case n = rn = i = 2. The group N := Aq = PSL(2, 3 2 ) has Sylow 2-subgroup D$. Let H := (/i) = C4. 
It is well known that Aut(N)/N = Cf , and the three subgroups of Aut(TV) of index 2 are isomorphic to Sq, 
PGL(2,9) and the Mathieu group M10 of degree 10. We choose two homomorphisms ipj : H —> Aut(JV) for 
j = 1,2 such that <fii(h) G PGL(2, 9) \ N is an involution and f2{h) G M10 \ A has order 4 (we do not define ifj 
precisely). Then it turns out that the groups Gj := N x v H for j = 1, 2 have Sylow 2-subgroup P as in part (|10fl . 
Moreover, one can show that T\ := J-p(G\) ^ Pp(G2) =: T%. More precisely, Z(Pi) = Z(Gi) = (ipi(h) 2 ) is 
generated by a square in P and Z(J r 2) is not. The indices of in the "Small Group Library" are [1440,4592] 
and [1440,4595] respectively. It should be clarified that this phenomenon is not connected to the special 
behavior of Aq, since it occurs for all n with PSL(2, 5 2 ). 

As a second remark we indicate a more abstract way to establish the nonexoticness of our fusion systems. It 
suffices to look at the cases (0 to (|14p in Theorem 14.191 If P does not contain an abelian P-essential subgroup, 
then Corollary 14.101 shows Z(P) ^ 1. Here Theorem 2.4(b) in [32] reduces the question of exoticness to a 
fusion system on the smaller bicyclic group P/(z). Hence, we may assume that there is a P-essential subgroup 
Q = (z,x,X) = G 2 ™-i x Cf. Moreover, we can assume that Z(P) = 1. Now we construct the reduced fusion 
system of P (see Definition 2.1 in [2]). By Proposition 1.5 in [2] we have 2 (P) < Q n a Q C (z, A). Since 2 (P) 
is strongly closed in P, we have z £ 2 (P). Hence, 2 (P) is cyclic and f2(0 2 (P)) £ Z(P) = 1. This shows 
2 (P) = 1. So in the definition of the reduced fusion system we have Po = P. Now we determine Pi := 2 (P). 
Since E = (x,vx), it turns out that the hyperfocal subgroup of P is E = D 2 n+i. Using Definition 1.21 and 
1.23 in [2] it is easy to see that Pi has two essential subgroups isomorphic to Cf up to conjugation. That is 
Pi = Pp(PSL(2, 5 2 )). Moreover, we have P 2 := O 2 (Pi) = Pi. So it follows that Pi is the reduction of P. 
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By Proposition 4.3 in [2], T\ is tame in the sense of Definition 2.5 in [2|. Without using the classification of 
the finite simple groups, Theorem 2.10 in [2 implies that T\ is even strongly tame. Hence, also T is tame by 
Theorem 2.20 in |2J. In particular T is not exotic. 

However, using this approach it is a priori not clear if these (nonnilpotent) fusion systems exist at all. But this 
can also be handled in an abstract manner as follows. Let Q be (a candidate for) an ^-essential subgroup of 
P. Using Proposition 14.81 it is easy to see there is a nonnilpotent fusion system on N :— Np(Q) which can be 
realized by a finite group H (see also Theorem 4.6 in [29 ). Then Theorem 1 in [35 shows that T is the fusion 
system of the (infinite!) free product H *jv P with amalgamated subgroup N . The only problem which remains 
on these lines is the uniqueness of T . The different possibilities for T differ by the ways one can embed N into 
H in the construction of H *jy P ■ 

As another comment, we observe that the 2-groups in parts (fTTj) to (jT4j) have 2-rank 2. Hence, these are new 
examples in the classification of all fusion systems on 2-groups of 2-rank 2 which was started in [5] . It is natural 
to ask what happens if we interchange the restrictions on i in case © and case (j!0|) in Theorem 14.191 We will 
see in the next theorem that this does not result in new groups. 

Theorem 4.20. Let P be a bicyclic, nonmetacyclic 2-group. Then P admits a nonnilpotent fusion system if 
and only if P' is cyclic. 

Proof. By Theorem 14.171 it suffices to prove only one direction. Let us assume that P' is cyclic. Since P is 
nonmetacyclic, it follows that P' ^ 1. In case \P'\ =2, Theorem 4.1 in [23] implies that P is minimal nonabelian 
of type (n, 1) for some n > 2. We have already shown that there is a nonnilpotent fusion system on this group. 
Thus, we may assume |P'| > 2. Then we are again in Theorem 4.4 in [23]. After adapting notation, P is given 
as in Equation @- In case x 2 — z there is always a nonnilpotent fusion system on P by Theorem 14. 191 Hence, 
let x 2 = 1. Then it remains to deal with two different pairs of parameters. 

1 and i = n — m + 1 > 2. 
1 . Then 

~2 2 m_1 2 m ~ 1 l -1 \2 m ~ 1 2 m_1 2 i+m ~ 2 v 2 m 

x — xa xa — [v a) a — v a = z 

for an odd integer v. Moreover, x v = v~ l , a x = vxa 2 = vx. This shows that P is isomorphic to a group with 
parameters x 2 — z, a 2 — 1 and i — n — m + 1 > 2. In particular Theorem 14.191 provides a nonnilpotent fusion 
system on P. 

Case 2: a 2 ™ = z and max(2, n — m + 2) < i < n. 
Again let x :— xa 2 . Then 

~2 2 i+m ~ 2 v 2'" 

x = v a = z. 

Hence, P is isomorphic to a group with parameters x 2 = a 2 = z and max(2,n — m + 2) < i < n. The claim 
follows as before. □ 

Now we count how many interesting fusion systems we have found. 

Proposition 4.21. Let f(N) be the number of isomorphism classes of bicyclic 2-groups of order 2 N which 
admit a nonnilpotent fusion system. Moreover, let g(N) be the number of nonnilpotent fusion systems on all 
bicyclic 2-groups of order 2 N . Then 



N 


l 


2 


3 


> 4 


even 


> 5 odd 


f(N) 





1 


2 


in 2 - 


37V + 5 


(3N 2 - 


f l)/4-3JV + 3 







1 


3 


in 2 - 


2iV + 5 


(3/V 2 - 


f l)/4-2JV + 5 



Proof. Without loss of generality, N > 4. We have to distinguish between the cases N even and N odd. Assume 
first that N is even. Then we get the following five groups: C 2 N/2 , D 2 « , j SD 2 n and the minimal nonabelian 
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group of type (N — 2, 1). From case ([9]) of Theorem 14. 191 we obtain exactly N/2 — 2 groups. In case (|10[) the 
number of groups is 

N-3 N/2-1 N-3 N/2-2 

(n - max(2, 2n - iV + 3) + 1) = ^ ( n ~ X ) + (N - n - 2) = 2 ^ n 

n=2 n=2 n=N/2 n=l 

N 2 3N 

= (N/2-2)(N/2-l) = —- — + 2. 

The other cases are similar (observe that the wreath product cannot occur, since N is even). All together we 
get 

5 + 3{N/2 - 2) + 3(N 2 /A - 3N/2 + 2) = ^N 2 - 3N + 5 
bicyclic 2-groups of order 2 N with nonnilpotent fusion system. 

Now if N is odd we have the following four examples: D 2 n , Q 2 n , SD 2 n and the minimal nonabelian group of 
type (N — 2, 1). From case @ of Theorem 14. 191 we obtain exactly (JV — 5)/2 groups. In case (jTUJ) the number 
of groups is 

N-3 (N-l)/2 N-3 (JV-5)/2 

(n - max(2, 2n - AT + 3) + 1) = ^ (n - 1) + ^ (iV - n - 2) = 2 ^ n+(iV-3)/2 

n=2 n=2 n=(iV+l)/2 "=1 

_ (AT - 5)(AT - 3) A^-3_Af 2 -6Af + 9 
~ A + 2 _ 4^ ' 

Adding the numbers from the other cases (this time including the wreath product), we obtain 

N 2 -AN -I 3N 2 + 1 
4 + 3 = 3AT + 3. 

4 4 

In order to obtain g(N) from f(N) we have to add one fusion system on D 2 n, one on Q 2 n , and two on SD 2 n. 
If A^ is odd, we get two more fusion systems on the wreath product. For all A^ > 5 we have to add A^ — 4 fusion 
systems coming from part (|10[) in Theorem 14. 191 □ 



5 Applications 

We present an application to finite simple groups. For this we introduce a general lemma. 

Lemma 5.1. Let G be a perfect group and 1 ^ F £ Syl p (G) such that Ng(P) = PCg(P)- Then there are at 
least two conjugacy classes of J- 'p(G)- essential subgroups in P. 

Proof. Let T := J-p(G). If there is no ^-essential subgroup, then T is nilpotent and G is p-nilpotent, since 
Outjp(P) = N G (P)/PC G (P) = 1. Then G' < P'O p >(G) < G, because P ^ 1. Contradiction. Now suppose that 
there is exactly one ^-essential subgroup Q < P up to conjugation. Then Q lies in a maximal subgroup M < P. 
Moreover, P 1 C $(P) C M. Now the focal subgroup theorem (see Theorem 7.3.4 in [TT]) gives the following 
contradiction: 

P = PDG = Pr\G' = (x~ 1 a(x) :xeP, a morphism in T) C P'Q C M. □ 



We remark that the number of conjugacy classes of essential subgroups is sometimes called the essential rank 
of the fusion system (see for example [2] ) . 

Theorem 5.2. Let G be a simple group with bicyclic Sylow 2-subgroup. Then G is one of the following groups: 
C 2 , PSL(i,q), PSU(3,q), A 7 or Mn fori G {2,3} and q odd. 
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Proof. By the Alperin-Brauer-Gorenstein Theorem pQ on simple groups of 2-rank 2, we may assume that G 
has 2-rank 3 (observe that a Sylow 2-subgroup of PSU(3,4) is not bicyclic, since it has rank 4). Now we could 
apply the Gorenstein-Harada result on simple groups of sectional rank at most 4. However, we prefer to give a 
more elementary argument. Let P £ Syl 2 (G) and T := Tp(G). By Theorem 14. 191 there is only one ^-essential 
subgroup Q in P up to conjugation. But this contradicts Lemma 15.11 □ 

Now we consider fusion systems coming from block theory. Let B be a p-block of a finite group G. We denote 
the number of irreducible ordinary characters of B by k(B) and the number of irreducible Brauer characters of 
B by 1(B). Moreover, let ko(B) be the number of irreducible characters of height 0, i.e. the p-part of the degree 
of these characters is as small as possible. Let D be a defect group of B. Then for every element u £ D we have 
a subsection (u,b u ) where b u is a Brauer correspondent of B in Cg(u). 

Theorem 5.3. Olsson's Conjecture holds for all blocks of finite groups with bicyclic defect groups. 

Proof. Let B be a p-block of a finite group with bicyclic defect group D. Since all bicyclic p-groups for an 
odd prime are metacyclic, we may assume p = 2. If D is metacyclic, minimal nonabelian or a wreath product, 
then Olsson's Conjecture holds by the results in |38l l37l 126] , Let T be the fusion system of B. Without loss of 
generality, T is nonnilpotent. Hence, we may assume that D is given by 

D = (v,x,a v 2 " = 1, x 2 ,a 2m £ (v 2 "^), x v = iT 1 , a v = v~ 1+2 \ a x = vx) 

where max(2, n — m + 1) < i < n as in Theorem l4.19l Moreover, there is only one conjugacy classes of ^-essential 
subgroups of D. We use Proposition 2.5(i) in [TS]. For this let us consider the subsection (a,b a ). Since (a,v) is 
a metacyclic maximal subgroup of P, a does not lie in any ^-essential subgroup of P. In particular (a) is fully 
^-centralized. Thus, Theorem 2.4(h) in [28] implies that b a has defect group Cc(a). Obviously, C/ V \(a) — (z). 

Now let v^x £ Cu(a) for some j £ Z. Then v^x — a (v^x) = v 1 ^^ 2 J x and v 2 ^ — v 1+2 3 , a contradiction. This 
shows C D (a) = (a,z). Now by Proposition 2.5(i) in [15] we obtain k (B) < \C D (a)\ = 2 m+1 = \D : D'\, i.e. 
Olsson's Conjecture holds. □ 

Using Theorem 3.4 in [53], it is not hard to see that also Brauer's £;(£?)-Conjecture holds if for the fusion system 
of B one of the cases (frj to (jlOf) in Theorem 14.191 occurs . We plan to investigate this and other conjectures on 
blocks with bicyclic defect groups in a separate paper. 
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